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SUMMARY
Velocity estimation remains one of the main problems when imaging the subsurface
with seismic reflection data. Traveltime inversion enables us to obtain large-scale
structures of the velocity field and the position of seismic reflectors. However, as the
media currently under study are becoming more and more complex, we need to know
the finer-scale structures. The problem is that below a certain range of velocity hetero-
geneities, deterministic methods become difficult to use, so we turn to a probabilistic
approach. With this in view, we characterize the velocity field as a random field defined
by its first and second statistical moments. Usually, a seismic random medium is
defined as a homogeneous velocity background perturbed by a small random field that
is assumed to be stationary. Thus, we make a link between such a random velocity
medium (together with a simple reflector) and seismic reflection traveltimes. Assuming
that the traveltimes are ergodic, we use 2-D seismic reflection geometry to study the
decrease in the statistical traveltime fluctuations as a function of the offset (the source–
receiver distance). Our formulae are based on the Rytov approximation and the
parabolic approximation for acoustic waves. The validity and the limits are established
for both of these approximations in statistically anisotropic random media. Finally,
theoretical inversion procedures are developed for the horizontal correlation structure
of the velocity heterogeneities for the simplest case of a horizontal reflector. Synthetic
seismograms are then computed (on particular realizations of random media) by
simulating scalar wave propagation via finite difference algorithms. There is good
agreement between the theoretical and experimental results.

Key words: random media, seismic reflection, traveltime fluctuations, wave
propagation.

errors can become important. They also proved that under
1 INTRODUCTION

certain circumstances, knowing the statistical structure of the
velocity field, one can simulate the migration errors.Due to the complexity of reservoir models, quantifying

Small-scale velocity fluctuations can often be described byuncertainty has become one of the major concerns in petroleum
exploration and production. Probabilistic methods and geo- their statistical properties. This reduces the problem to the

determination of a few unknowns, such as the mean value,statistical tools are suitable for this task. The problem of imaging
the subsurface with seismic reflection data (the migration the standard deviation, the structure of the correlation function

and the correlation lengths in different directions. This is whyprocess) is that of the velocity field estimation. It is well known
that in seismic reflection experiments, there is a resolution a stochastic approach can deal with smaller heterogeneities

than deterministic methods.limit on velocity heterogeneities. Deterministic methods such
as velocity analysis or ray tomography do not resolve the In seismology, it is important to be able to estimate these

statistical parameters for seismic measurements. Aki & Chouetfine structure of the velocity field (Thore & Juliard 1996;
Williamson & Worthington 1993). Moreover, migration does (1975) and Sato (1982) were amongst the first to predict

small-scale velocity heterogeneities in the Earth’s crust fromnot resolve the lateral limits of non-reflecting velocity hetero-
geneities (Thore & Juliard 1996). Their lateral resolution is the presence of seismic codas. Sato (1982) and Wu (1982)

started to study theoretical and experimental aspects of seismic-the size of the first Fresnel zone, which reaches lengths of
several hundred metres. Matheron (1991) and Touati (1996) wave scattering attenuation. Later, Frankel & Clayton (1986)

and Jannaud et al. (1991) used finite difference modellingshowed that even with weak velocity fluctuations, migration
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1000 B. Iooss

to investigate coda decay rates and scattering attenuation. heterogeneity scale (Mukerji et al. 1995). In seismic media, all

scales of heterogeneity are present, and scattering can occur.However, whilst these two methods are well suited to tele-
seismic transmission data, we need a different approach for From scattering theory, we know that only heterogeneities at

scales greater than the wavelength need to be taken intoseismic reflection data.

A more promising stochastic approach is based on direct consideration for traveltime calculations (Chernov 1960; Aki
& Richards 1980; Sato 1982). Heterogeneities of wavelengthP-wave amplitude and arrival-time fluctuations. The theory of

wave propagation in random media can link the correlation scales generate codas and backscattering phenomena, whilst

short-scale heterogeneities are replaced by an equivalentfunctions of log amplitude and arrival time to that of the
velocity field. Chernov (1960) developed this for a plane wave homogeneous medium. Therefore, the distribution of forward

scattering from small-scale heterogeneities is negligible, andand for stationary random media. To connect fluctuations of

the plane wave to medium variations, the underlying theory the parabolic approximation can be used for this problem.
The paper proceeds as follows. First, we present our random(Rytov approximation and parabolic approximation) neglects

backscattering and assumes wavelengths shorter than the velocity models and obtain a theoretical formula that relates

the second-order moments of the traveltime and the velocitycharacteristic lengths of inhomogeneities. Guided by this work,
several authors deduced a stationary statistical model for field. Then we apply this formula in the seismic reflection case

limited to a single layer with a horizontal interface. Finally, wethe crust from seismological data (Aki 1973; Frankel &

Clayton 1986). Wu & Flatte
´

(1990) extended this method by simulate realizations of random media and wave propagation
(computed with an acoustic finite difference algorithm) in ordercalculating correlations between two plane waves with near-

vertical incident angles, for quasi-stationary random media to compare theoretical predictions and experimental results.

Our theoretical formulae allow us to retrieve the statistical(i.e. stationary with a weak dependence on depth). This type
of inversion is called stochastic tomography. parameters of the original random velocity media. We then

discuss the results for different validity domains. When validitySome studies using the geometrical optics approximation

have tried to calculate the velocity heterogeneity by analysing conditions are respected, our inversion extracts the lateral
statistical structure of the velocity heterogeneities.traveltimes in random media (Mu

¨
ller et al. 1992; Roth 1997).

Mu
¨
ller et al. (1992) derived an inversion formula between the

correlation function of the traveltime fluctuations of a plane
2 WAVE PROPAGATION IN A RANDOMwave and the correlation function of an isotropic velocity
MEDIUMfield. In numerical experiments, they were able to obtain the

correlation length and the standard deviation of the velocity,
2.1 The random mediumprovided that the wavelength was less than half the correlation

length. Shapiro & Kneib (1993) extended their formula to the Let us consider a 2-D medium with velocity v(r) (where
parabolic and Rytov approximations in order to study the r= (x, z) is the position vector in space) and let
contribution of scattering to apparent attenuation, rather than

for traveltime tomography. 1

v2 (r)
=

1

v2
0
[1+e(r)] (1)

Most of these works demonstrate the usefulness of studying
the statistics of traveltime fluctuations for the inversion of

be a perturbation of the square of the slowness, where v0 ismedium statistics. In this paper we develop a statistical
the average velocity and e(r) is a weak random field with zeroanalysis procedure for seismic reflection data, and study several
mean ( |e|%1, e(r)�=0). We can thus linearize eq. (1) to obtainproblems from a theoretical point of view. First, following the

approach used by Touati (1996), we separate the downgoing
v(r)=v

0A1− e(r)

2 B . (2)and upgoing waves in order to take account of the reflection.
We assume that this reflection follows the Snell–Descartes law

and that the reflector is horizontal, making it easy to distinguish In practice, we have to replace ensemble averaging by spatial
the reflected wave from the incident wave. Second, in seismic averaging of a single realization of the random medium. To
reflection experiments we must consider the relative positions make this meaningful, we assume that the random field is
of the source and receiver. The plane-wave approximation ergodic and that the wave crosses many heterogeneities.
is not valid for small propagation distances. For a spherical From a statistical point of view (Chernov 1960), a hetero-
wave, Ishimaru (1978) and Rytov et al. (1987) extended geneous medium can be characterized by the first two statistical
Chernov’s theory of wave propagation in random media by moments of the sound-velocity distribution, i.e. its mean value
introducing spectral expansion. We use their approach to and its correlation function. Often, random velocity fields are
derive a formula relating the second-order moments of the assumed to be second-order stationary (this is not commonly
traveltime and velocity for a 2-D spherical wave. Contrary to called stationary) (Aki & Richards 1980). This greatly simplifies
most other studies, our methodology is valid in the general the problem because then the mean and the correlation
case of statistically anisotropic random media. function (called the covariance C

e
(h) ) are invariant under

Third, we present a theoretical procedure for obtaining the translation. The covariance describes the magnitude, the scales
statistical medium parameters from seismic reflection travel- and the structure (e.g. smooth, rough, fractal, etc.) of the
times by taking into account their frequency dependence. This fluctuations of e(r):
is a generalization of the work of Touati (1996) in the frame-

C
e
(h)=e(r)e(r+h)� and s2

e
=Var[e(r)]=C

e
(0) ,work of geometrical optics, which does not take into account

the scattering phenomenon. This extension is important (3)
because the measurable traveltimes of seismic events depend
on the seismic wavelength, the propagation distance and the where s2

e
is the variance of e(r).
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Reflection traveltimes in random media 1001

Like Chernov (1960), we assume that the correlation lengths
2.3 The covariance of the traveltimes

of e(r) are measures of the heterogeneity scales. For an isotropic
stationary random medium, the correlation length of e(r) is The details of the derivation of the traveltime correlation

function in the Rytov and parabolic approximations are giventhe same in all directions, so we get

in Appendix A. Here we summarize the results. We now define
C
e
(h)=C

e
(h) , with h=dhd . (4) these two approximations as the parabolic approximation.

To simplify the calculations, we assume that the verticalHere we want to consider anisotropic random media because
correlation length b and the half-horizontal separation betweensedimentary basins are often strongly anisotropic. An aniso-
the two receivers are small in relation to the depth z:tropic random medium is defined by its horizontal correlation

length a, its vertical correlation length b and its anisotropy
b%z ,

x

2
%z , (7)angle h (i.e. its stratification angle). We limit ourselves to

horizontally stratified media (h=0) with C
e
in the form

where x is the horizontal separation of the receivers. The first
condition is always necessary when dealing with random

C
e
(r)=C

e
(x, z)=C

0 ASx2

a2
+

z2

b2 B , (5)
media, because the wave has to meet many inhomogeneities
during its propagation. The second condition is necessary to

where C0 is an isotropic covariance function with a specified simplify the covariance integrals. It means that the angle
structure (e.g. Gaussian, exponential, etc.). Lastly, we assume between the rays joining the source and the receivers is small.
that the density is constant. We denote the covariance of the spherical-wave traveltimes

by

Cov[T (x
1
, z), T (x

2
, z)]=C

T
(x, z) (with x=|x

1
−x

2
| ) ,2.2 The approximations of the wave equation

(8)We consider the propagation of 2-D monochromatic waves in
the random media defined in the previous section. From eq. (1),

and will now discuss its evaluation for each approximation
the wave equation in the spectral domain may be written

domain.

Du(r)+k2(1+e(r) )u(r)=0 , (6)

2.3.1 Parabolic approximationwhere u describes a scalar wavefield, k is the wavenumber and

e is the squared slowness perturbation.
Eq. (A27) gives the covariance of the arrival times of a spherical

In Appendix A, we solve (6) for 2-D anisotropic stationary
wave in the parabolic approximation (PA):

random media and obtain eq. (A22) for the phase fluctuations.

The conditions of validity are those of the Rytov approximation
(A7) and those of the parabolic approximation (A10) and
(A14).

We also consider two asymptotic regions of the parabolic GCPA
T

(x, z)

=
p

2v2
0

z

x P x
0
P2

0
eiku cos2Ck2z

2k

u

x A1− u

xBDW
e
(k, 0) dk du ,

CPA
T

(0, z)=
p

4v2
0
z P2

0
C1+ k

k2z
sinAk2z

k BDW
e
(k, 0) dk ,

approximation. In the geometrical optics approximation (GO),
we disregard diffractions by assuming that the first Fresnel

zone (√lz ) is smaller than the horizontal length scale of
heterogeneities: √lz%a, where z is the propagation distance
and l the dominant wavelength. The traveltime equation is (9)
then reduced to the eikonal equation that describes Fermat’s

where z is the propagation depth, x the horizontal distanceprinciple. When √lz&a, the Fraunhofer approximation
between two receivers, v0 the average velocity, W

e
the spectral(FA) holds. The first Fresnel zone is much larger than the

density of the fluctuations defined by (A1) and k thehorizontal length scale of heterogeneities. Thus, in this case,
wavenumber.the phenomenon of wave front healing, which describes a

smoothing process of the wave front due to diffractions

(Wielandt 1987), is maximum. All these approximations and
2.3.2 Geometrical optics approximation

validity conditions are summarized in Table 1.
For this approximation, √lz%a, therefore the ratio k2z/2k is

negligible and the cos2 function in (9) approaches 1. Then, by
(A2), (9) in the spatial domain becomes

Table 1. Recapitulation of the different approximations and their

validity conditions. a and b are the horizontal and vertical correlation

lengths; s2
e
, l and z are the velocity variance, the wavelength and the

propagation distance. GCGO
T

(x, z)=
1

2v2
0

z

x P x
0
P2

0
C
e
(u, z∞) dz∞ du ,

CGO
T

(0, z)=
1

2v2
0
z P2

0
C
e
(0, z∞) dz∞ ,

(10)

Rytov s
e
%1 and |V

)
Y|2�%k2s

e

Parabolic: large-scale heterogeneities a&l, b&l and √lz%
a2

l where C
e

is the covariance of the velocity perturbations. As
l%a and √lz%a, the condition √lz%a(a/l) of parabolicGeometrical optics parabolic and √lz%a

Fraunhofer parabolic and √lz&a approximation is always verified.
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1002 B. Iooss

2.3.3 Fraunhofer approximation

Here √lz&a, k2z/2k&1. For a plane wave, we find from
(A29) that

Cov[T (x
1
, z), T (x

2
, z)]=

p

4v2
0
z P2

0
eikxW

e
(k, 0) dk . (11)

Correlations of traveltimes are half the values in the geo-
metrical optics plane-wave case (k2z/2k%1). We deduce that
the spherical-wave traveltime covariance is half that in the

geometrical optics case:

GCFA
T

(x, z)=
1

4v2
0

z

x P x
0
P2

0
C
e
(u, z∞) dz∞ du ,

CFA
T

(0, z)=
1

4v2
0
z P2

0
C
e
(0, z∞) dz∞ .

(12)

In fact, we can obtain this result from (9), seeing intuitively
that the cos2 function regularizes the integrand at 1/2 because
it fluctuates rapidly between 0 and 1.

3 APPLICATION TO THE SEISMIC
REFLECTION GEOMETRY

3.1 Statement of the problem

In order to compute the correlations of traveltimes after
reflection at an interface, we have to decompose the time

T (SR) into a downgoing time T (SM) and an upgoing time
Figure 1. (a) Reflection at M of a spherical wave radiated from sourceT (MR), where S is the source, R the receiver and M the point
S and recorded at receiver R. (b) Transmission of a spherical waveof reflection of the wave on the interface (Fig. 1a).
from M to the surface.Let T

M
(x) be the arrival time at R, where x is the distance

between source and receiver (offset). We write
becomes

T
M

(x)=T (SM)+T (MR) . (13)
Var[T (x)]=2C

T
(0, L )+2C

T
(x, L ) , (16)

We are interested in correlations of arrival times. The general
where the functional C

T
is given by (9) for the PA, by (10) forcovariance of all traveltimes could be calculated but it requires

the GO and by (12) for the FA.complex analysis. Moreover, we have to use a sufficient number
We will now study two types of random media in detail:of traveltimes for each covariance calculation to obtain a good

Gaussian (Fig. 2b) and exponential (Fig. 2a). In their isotropicaveraging of the phenomenon. Thus, we just calculate their
forms they are often used in the scattering theory (Chernovvariance for a constant offset. Working with the traveltime
1960; Frankel & Clayton 1986). Here we use their anisotropicvariance at constant offset enables us to obtain enough data
forms.and is sufficient to characterize the statistics of the velocity

field. We obtain from (13)

3.2 The zero-offset traveltime varianceVar[T
M

(x)]=Var[T (SM)]+Var[T (MR)]

First, we consider only the traveltime variance at zero-offset.+2Cov[T (SM), T (MR)] , (14)
In the PA case,

using the principle of reciprocity, T (SM)=T (MS). Thus, we

reduce the problem to a spherical wave propagating from M Var[T (0)]=
pL

v2
0
P2

0
C1+ k

k2L
sinAk2L

k BDW
e
(k, 0) dk . (17)

to the surface (Fig. 1b).
If we consider a quasi-horizontal reflector at depth L , the

In the GO, this expression reduces to
coordinates of M are (x/2, L ). Then, from (8), we obtain

Var[T (0)]=
2L

v2
0
P2

0
C
e
(0, z∞) dz∞ . (18)GCov[T (SM), T (MR)]=C

T
(x, L ) ,

Var[T (SM)]=Var[T (MR)]=C
T
(0, L ) .

(15)

Table 2 gives the equations for the anisotropic Gaussian
and exponential covariances, the spectral densities and theFrom (14) and (15) we deduce that the traveltime variance

does not depend on the particular reflection point M of each corresponding zero-offset variances (in the GO). Var[T (0)]
depends on the vertical correlation length b, the variance ofshot. Therefore, we let T (x) be the traveltime at offset x. The

variance of T (x) is independent of the position in the field and slowness fluctuations s2
e

and the reflector depth L .
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Reflection traveltimes in random media 1003

Figure 2. Random velocity fluctuations e(x, z) (distance x and depth z in metres). (a) Exponential covariance; (b) Gaussian covariance; horizontal

correlation length a=400 m, vertical correlation length b=100 m, standard deviation s
e
=3.5 per cent.

Table 2. Variance at zero-offset for two types of 2-D random media in the geometrical optics approximation.

Gaussian Exponential

s2
e
expC−Ax2

a2
+

z2

b2BDCovariance C
e
(x, z) s2

e
expA−Sx2

a2
+

z2

b2B
s2
e
ab

2p
expA− a2k2+b2k2

z
4 BSpectral density W

e
(k, k

z
)

s2
e
ab

p(1+a2k2+b2k2
z
)3/2

Var[T (0)]GO √pb
s2
e
L

v2
0

2b
s2
e
L

v2
0

on b (see Table 2), then the vertical correlation length b cancels
3.3 The decrease of the normalized traveltime variance

out when we divide CPA
T

(x, z) by CPA
T

(0, z) (eq. 9).
For a general anisotropic random medium, Touati (1996) In the GO and the FA, the ratio of the variances is
showed in the GO that the normalized variance, i.e. the
ratio Var[T (x)]/Var[T (0)], depends only on the horizontal
correlation length a and the structure of the velocity covariance. Var[T (x)]

Var[T (0)]
=

1

2 A1+ 1

x

P x
0
P2

0
C
e
(u, z∞) dz∞ du

P2

0
C
e
(0, z∞) dz∞ B . (19)It does not depend on the vertical correlation length b. This

result is also valid in the FA. In the PA, it is easy to prove for
Gaussian and exponential media: W

e
(k, 0) depends linearly
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1004 B. Iooss

It is clear that it is a decreasing function of offset x. When From eq. (5), C
e
(x, z)=C

0
(√x2/a2+z2/b2 ). Then, the variance

ratio (20) does not depend on the horizontal correlationx<a the decrease is slow and when x>a the decrease is in
the form 1/x. This result is valid in the domain x%2L . Outside length a, but only on the type of covariance. Moreover, as the

PA and GO ratios are close to each other when the offsets arethis limit, Var[T (x)] does not depend linearly on L and (19)

is no longer valid. less than (or of the order of ) the horizontal correlation length,
we can use the GO to determine the horizontal correlationFig. 3 shows Var[T (x)]/Var[T (0)] for exponential and

Gaussian media, and for two horizontal correlation lengths length. For Gaussian media the ratio is

(a=400 and a=100 m). For these two types of media, the PA
variance is close to the GO variance when a=400 m. In this Var[T (a)]

Var[T (0)]
=0.875 , (21)

case, the GO condition on the size of the Fresnel zone is

respected: √lz<a for all the propagation distances (z varies
and for exponential media,

from 0 to 2L , L =1700 m and l=50 m).

Var[T (a)]

Var[T (0)]
=0.911 . (22)

3.4 The inversion of the horizontal correlation length

Theoretically, the type of decrease of the variance characterizes In practice, it would be difficult to estimate the covariance
the structure of the covariance model. With a good estimation structure from the shape of the curve Var[T (x)]/Var[T (0)].
of this structure, we can find the horizontal correlation length However, the difference between the ratios Var[T (a)]/Var[T (0)]
a: the ratio Var[T (x=a)]/Var[T (0)] is independent of a and for exponential and Gaussian media is small, and we can
is known from theory (Touati 1996). Indeed, when x=a, (19) obtain a fairly good estimation by using a value of 0.9. With
becomes a poor estimation of the type of model, Touati (1996) showed

that we can have at worst an inaccuracy of 20 per cent on the
estimation of a.

Var[T (a)]

Var[T (0)]
=

1

2 A1+P 10 P2

0
C
e
(av, z∞) dz∞ dv

P2

0
C
e
(0, z∞) dz∞ B . (20)

4 NUMERICAL EXPERIMENTS

For the numerical experiments, we performed 2-D wave

modelling using a finite difference algorithm developed by
Virieux (1986). The advantages of this code are that all types
of waves can be modelled, amplitude values are correct and

the seismograms are realistic. The drawbacks are that it is
time consuming and trace picking is necessary to obtain arrival
times. The aim of our analysis is to extract arrival times and

to calculate their variance as a function of the offset. First, for
specific statistical velocity models (the parameters being the
type of covariance, standard deviation and correlation lengths),

we produce several realizations. Next, we compute several shot
records for each realization. Finally, we extract the traveltimes
of the first peak of each trace.

Before that, we compute a shot in a homogeneous medium,
and determine precisely the difference dpickt between the maxi-
mum of the first wavelet and the theoretical arrival times.

Then, for the data computed in the random media, our picking
procedure consists of taking the time of the first wavelet
maximum and deducing arrival times by subtracting dpickt .

In fact, a systematic bias in the picked traveltime is not a
problem for our analysis method. It will simply be removed
when computing the variance. Williamson & Worthington

(1993) described the difficulties in producing a picking pro-
cedure sufficiently accurate to use ray tomography. Even a
small time-shift causes perturbations in the inverted velocity

model. We do not have these problems, and just have to follow
the primary wavelets. However, our picking times have the

inaccuracy of the recording time interval (1.5 ms) which pro-
duces errors in the variance of the order of 0.00152#2.10−6 s2.

4.1 The model parameters
Figure 3. Normalized variances of traveltimes in the PA and the GO

We compute synthetic shot records of a spherical wavefor (a) an exponential medium and (b) a Gaussian medium, with
propagating through a 2-D acoustic random-velocity medium.correlation lengths a=400 m and a=100 m. For the PA, we choose

a reflector depth L =1700 m and a wavelength l=50 m. We put a horizontal reflector at depth L =1700 m. The seismic
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Reflection traveltimes in random media 1005

interface is represented by a high contrast in density. The

receivers are buried at a depth of 10 m whilst the source is at
the surface. Each shot record consists of 81 traces with offsets
ranging from −800 to 800 m with a 20 m spacing (see Fig. 4).

The random media are simulated via the turning-bands
technique (Matheron 1973). Velocity fluctuations of our
random models are characterized by a Gaussian distribution

function with mean v0=3000 m s−1, relative standard deviation
s
e
=3.5 per cent and a Gaussian covariance. In fact, we

take s
e
=0.07 for the square of the slowness perturbations;

the linearization (2) leads to s
e
=0.035 for the velocity

perturbations. The source signature is the first derivative of a
Gaussian pulse, with a characteristic frequency f =40 Hz. The

dominant wavelength is of the order of l=50 m. To be in the
parabolic approximation zone, we take several horizontal and
vertical correlation lengths larger than l: a=100, 200, 400,

2000 m and b=100 m. We limit the vertical correlation length
to b=100 m because it is a good compromise between several
constraints, b%L , b&l, and a realistic anisotropic model

(b≤a, horizontal layering). Moreover, the vertical correlation
length does not play a role in the fluctuations of the traveltime
variance. The total field of each model covers 4000×2000 m

with grid spacing of 2.5 m. The model thus contains 1600×800
gridpoints. It is well known that the grid step in a finite

difference simulation has to be less than one tenth of the
wavelength. It is rigourously respected here because the ratio
between the wavelength and the grid step is about 20.

The weak fluctuation conditions (A7) and (A8) are
also respected: s

e
=0.035%1 and s2

e
k2(2L ) max(a, b)~0.2%1.

Moreover, the conditions of the parabolic approximation (A10)

are valid (l%a, l%b). Difficulties appear with condition (A14):
the size of the Fresnel zone √lz~300, 400 m has to be much
smaller than a2/l to be in the PA zone, much smaller than a

to be in the GO zone, or much larger than a to be in the FA
Figure 5. Seismic reflection synthetic seismograms for one shot and twozone (see Table 1).
random Gaussian velocity media with a standard deviation s

e
=3.5Examples of typical seismograms are given in Fig. 5.

per cent. Top: lengths scale a=100 m, b=100 m. Bottom: lengthsWavefield scattering appears in the medium with small hetero-
scale a=400 m, b=100 m. Horizontal reflector is placed at a depth

geneities (a=100 m, b=100 m), but not in that with large
of 1700 m. To show only the reflected wave front, time is taken between

heterogeneities (a=400 m, b=100 m). In the two cases, there
t=1.1 and t=1.25 s. Source is placed at z=0 m and receivers at

is no break in the forward wave front and it is easy to pick z=10 m; we see a second reflection that comes from the surface. Trace
traveltimes by following the first wavelets. spacing is 20 m and zero-offset trace is placed at the centre.

For each model, we plot the traveltime variance Var[T (x)]
and the normalized variance as a function of offset. We com-

pare the results with the theoretical predictions (16) in the PA
(9), GO (10) and FA (12). The diffficulty is in making the
traveltime variance converge well enough. So, if we increase

the number n of realizations of the medium progressively, we
visualize the behaviour of the traveltime variance as n increases.

In Fig. 6, we plot these traveltime variances for different values
of n for our first model, a=100 m, b=100 m. We stop when
successive curves are close to each other, and we consider that

this result is good.

4.2 The zero-offset traveltime variance

The upper parts of Figs 7, 8 and 9 show the offset dependence
of the traveltime variance. The vertical correlation length b of

the velocity model is the same in all three cases: b=100 m.
We see as predicted that the FA variance is half the GO

Figure 4. Geometry of the seismic reflection numerical experiments. variance, and that the PA variance is between the GO and FA
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1006 B. Iooss

Figure 6. Visualization of the convergence of the experimental vari-

ance when the number n of realizations increases from n=2 to n=8.

For each realization, we have 14 shots, so 28 additional arrival times

per offset. The random velocity model has a Gaussian covariance,

s
e
=3.5 per cent, a=100 m, b=100 m.

Figure 8. Top: experimental and theoretical variance functions of

offset x. Bottom: normalized experimental and theoretical variances.

The random velocity model has a Gaussian covariance, s
e
=3.5 per

cent, a=200 m, b=100 m. The simulation has been carried out on 12

realizations.

variances. This also confirms the independence of Var[T (0)]
on the horizontal correlation length a in the GO and FA cases

(see Table 2): the values are the same in Figs 7, 8 and 9.
However, in the PA case, the increase in a leads to an increase
of Var[T (0)].

Good agreement is found between the experimental zero-
offset variance and the PA zero-offset variance when the hori-
zonal correlation length is a=200 m (Fig. 8) and a=400 m

(Fig. 9). Indeed, these models respect all the PA validity con-
ditions: for a=200 m, a(a/l)=400 m>√lz and for a=400 m,
a(a/l)=3200 m&√lz. For a=200 m, neither the GO nor the

FA are valid because the size of the Fresnel zone, √lz, is of
the same order as the horizontal correlation length a. However,

for a=400 m, a>√lz and we are close to the GO domain.
For the case of a=100 m (Fig. 7), the experimental

Var[T (0)] is 20 per cent less than the PA theoretical prediction.

This model (a=b=100 m) is an isotropic medium, in which
the condition √lz%a(a/l) is violated because a (a/l)=200 m.
This is the reason why the experimental Var[T (0)] is smaller

than the PA Var[T (0)]. In the PA, we have omitted important
contributions from the Fresnel zone to the wave-front healing.Figure 7. Top: experimental and theoretical variance functions of
Theoretical traveltimes are then not regularized enough, andoffset x. Bottom: normalized experimental and theoretical variances.
the PA variance is too large. However, as the FA conditionThe random velocity model has a Gaussian covariance, s

e
=3.5 per

is verified (√lz&a), good agreement is found betweencent, a=100 m, b=100 m. The simulation has been carried out on

eight realizations. experimental values and the FA theoretical prediction.
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Reflection traveltimes in random media 1007

time picking is not a problem, but non-correlated errors in

the picking procedure can cause problems. For example,
the recording time interval provides errors of the order of
2×10−6 s2. We think that the most important problem is the

convergence of the traveltime variance. It is clear from Fig. 6
that convergence has not been exactly obtained. In Fig. 9, the
model with a=400 m requires many realizations and the

traveltime variance curve has not reached its limit. Finally,
our theoretical formulae have been derived under several
approximations, not fully verified. For example, the PA assumes

a monochromatic wave but our seismograms were generated
using a band-limited source function. All these simplifications
introduce inaccuracies but our goal is to show the overall

behaviour of seismic reflection traveltimes.

4.4 A quasi-horizontally homogeneous model

Finally, we carry out tests on a quasi-horizontally homo-
geneous model. Keeping the vertical correlation length at

b=100 m, we choose a very large horizontal correlation length
a=2000 m. This is almost the case of a horizontally layered
model with no lateral velocity variations. In order to obtain

statistics on the model, we have to make repeated realizations,
because each realization characterizes one traveltime hyper-

bola. Therefore, it is unnecessary to compute several shots for
one realization, and we make a single shot per medium. Since
we only want to visualize the traveltime variance decrease, we

average the results of 14 realizations and we do not discuss
the absolute values of the variance because we know that the
convergence cannot be obtained very rapidly.

In this medium, √lz%a and GO holds; the PA prediction
Figure 9. Top: experimental and theoretical variance functions of is thus exactly the same as the GO one. Theoretically, with a
offset x. Bottom: normalized experimental and theoretical variances. horizontal correlation length a larger than all offsets x, the
The random velocity model has a Gaussian covariance, s

e
=3.5 per normalized traveltime variance should be constant. In formula

cent, a=400 m, b=100 m. The simulation has been carried out on 16
(10), C

e
(u, z∞) is constant with uµ[0, x], so CGO

T
(x, z)=CGO

T
(0, z)

realizations.
. This is confirmed by Fig. 10. In spite of the small fluctuations

caused by averaging so few traveltimes, we see that the
experimental normalized variance is globally constant. It is

4.3 The decrease in the normalized variance and the
impossible in this case to obtain the horizontal correlation

inversion of the horizonal correlation length
length a because the offsets are smaller than a and we do not

The lower parts of Figs 7, 8 and 9 show the offset dependence
of the normalized traveltime variance. By dividing Var[T (x)]

by Var[T (0)], we can concentrate on the decrease in the
variance with offset. This curve allows us to obtain the
horizontal correlation length a.

For small offsets, the first model gives the same decrease as
the GO–FA prediction (bottom of Fig. 7) because the FA is
valid. Therefore, we estimate the horizontal correlation length

a by formula (21), and we find the correct value: a
ˆ#100 m.

For larger offsets, the traveltime variance is more erratic. For

the second and third models (bottom of Figs 8 and 9), the
normalized variances do not fit the PA prediction precisely.
For small offsets, the decrease is slower for a=200 m and

faster for a=400 m. From formula (21), we obtain an estimate
of a

ˆ#250 m instead of a=200 m, and an estimate of a
ˆ~360 m

instead of a=400 m. This procedure is thus not accurate—

the errors are of the order of 20 per cent—but it gives an idea
of the horizontal correlation length.

We see that the experimental curves do not fit the theoretical Figure 10. Normalized experimental and theoretical variance functions
curves precisely. Why is this? Errors in grid dispersion probably of offset x. The random velocity model has a Gaussian covariance,
do not play an important role because the spatial sampling s

e
=3.5 per cent, a=2000 m, b=100 m. The simulation has been

carried out on 14 realizations.seems to be small enough. As stated previously, a bias in the
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see a clear decrease in the variance. We conclude that this constructive reviews. Finally, many thanks to M. Armstrong,

model is horizontally homogeneous at a scale larger than our J. Talbot and F. Poirier for their help with the English.
maximum offset of 800 m.
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wavelength. This is called the smooth-wavefield approximation
APPENDIX A: TRAVELTIME COVARIANCE

(Rytov et al. 1987). When this approximation is no longer
OF A 2-D SPHERICAL WAVE

valid, the incoherent part of the wavefield is dominant and the
notion of arrival time is undefined. For an isotropic randomThe traveltime covariance was derived for isotropic random

media by Ishimaru (1978) for a 3-D spherical wave, by Shapiro medium and neglecting backscattering, Shapiro et al. (1996)
gave a more explicit limit of the smooth-wavefield fluctuations& Kneib (1993) for a 2-D plane wave and by Chevret (1994)

for a 2-D spherical wave. In this Appendix, we derive the region:

traveltime covariance of a 2-D spherical wave in anisotropic
s2
e
k2za%1 , (A8)

random media. Special attention is paid to its validity con-
where z is the propagation distance and a is the correlationditions by taking into account the statistical anisotropy of
length.velocity inhomogeneities.

We work with the spectral representations of the spatial
random fields. The 2-D spectral density W

e
of e is the 2-D A2 Parabolic approximation

Fourier transform of C
e
:

We consider a 2-D spherical wave radiated from the origin
z∞=0 to z∞=z. In the absence of a random medium, theW

e
(k)=

1

(2p)2 P2

−2
C
e
(r) e−ikr dr , (A1)

incident wave is given by

where k is the vectorial wavenumber. We define the horizontal
u
0
(r)=

i

4
H(1)
0

(kr)=
i

4
H(1)
0

(kr) , (A9)spectral density F
e
(k, z) as the 1-D Fourier transform of C

e
,

with k being the horizontal wavenumber. The relations between
where r=drd and k=dkd.W

e
, F

e
and C

e
are given by

We assume that the wavelength is shorter than the scales of
velocity heterogeneities:

l%a , l%b , (A10)

2pW
e
(k, 0)=P2

−2
F
e
(k, z) dz ,

P2

−2
W
e
(k, 0) eikx dk=

1

p P2

−2
C
e
(x, z) dz .

(A2)

where a and b are, respectively, the horizontal and vertical
correlation lengths. This limits the study to heterogeneity scales

larger than the wavelength. These heterogeneities dominate in
the calculation of arrival times (Aki & Richards 1980). UnderA1 Rytov approximation
the assumptions (A10), the scattered energy from an inhomo-

The propagation of 2-D monochromatic scalar waves is geneity is mainly confined within a forward angle of the
governed by eq. (6). Let u0 be the solution of (6) in the absence order of l/a (Ishimaru 1978). As the ratio of the transverse
of fluctuations e. We define the perturbation quantity Y by component x−x∞ of r−r∞ to its longitudinal component z−z∞

(i.e. the scattering angle) is of the order of l/a, Green’s functionu(r)=u
0
(r) eY (r) . (A3)

G(r, r∞) in (A6) and u0 (r) in (A9) can be approximated by
Combining (6) and (A3), and assuming that |VY| is small, parabolic functions:
we obtain a first-order solution known as the Rytov

approximation:
G(r, r∞)=

i

4
e−ip/4S 2

pk(z−z∞)
expAik(z−z∞)+ik

(x−x∞)2
2(z−z∞)B ,

Y(r)=−
k2

u
0
(r) P

V
G(r, r∞)e(r∞)u

0
(r∞) dV ∞ , (A4)

(A11)

where e is the square of the slowness perturbation, k is the
u
0
(r)=

i

4
e−ip/4S 2

pkz
expCikAz+ x2

2zBD . (A12)wavenumber, V is the volume containing scatterers, and G(r, r∞)
is the 2-D Green’s function defined by

These approximations are valid if the following term in the
G(r, r∞)=

i

4
H(1)
0

(k|r−r∞| ) , (A5) asymptotic series is small compared to 1, i.e.

where H(1)
0

is a Hankel function of the first kind. In the far field
k

8

(x−x∞)4
(z−z∞)3

%1 . (A13)
of the scattering volume, we use the following approximation

for the Green’s function: Then, we obtain a condition that restricts the width of the first

Fresnel zone √lz :

G(r, r∞)=
i

4
e−p/4S 2

pk|r−r∞|
exp (ik|r−r∞| ) . (A6)

√lz%a
a

l
. (A14)

More precisely, the two conditions of validity of the Rytov
Moreover, by neglecting backscattering, we reduce theapproximation are

integration domain in (A4) from z∞=0 to z∞=z. This approxi-
|e|%1, |V

)
Y|2�%k2s

e
, (A7)

mation limits the magnitude of the fluctuations s2
e

and the
propagation distance z to being not too large. For this problem,where V

)
=∂/∂x is the transverse gradient. The first condition

is equivalent to s
e
%1 (s

e
is the standard deviation of e) Rytov et al. (1987) derived an explicit condition for isotropic

media by looking at the effective backscattered cross-section.and enables us to develop a perturbative series. The second
condition allows us to ignore the second-order terms in e. It For a Gaussian medium, it gives s2

e
k2za%ek2a2/2. However, as

a>l, it is clear that the Rytov approximation condition (A8)means that Y has small changes over distances of the order of a
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includes this condition: the backscattering is neglected when where the horizontal spectral density F
e

defined by (A2) is

concentrated in the region |k1dz1−z2 |<2p.we deal with smooth wavefield fluctuations.
From (A11) and (A12), (A4) becomes We study the covariance of spherical-wave arrival times at

(x1 , z) and (x2 , z). From (A22) and (A23), we deduce

Y(r)=P z
0
P2

−2
h(x−x∞, z−z∞)e(x∞, z∞) dx∞ dz∞ , (A15)

FS (k, 0)=
k2

4 PP z
0

cosAk2 (z−z∞
1
)

2k(z/z∞
1
) B cosAk2 (z−z∞

2
)

2k(z/z∞
2
) Bwhere

×F
e
(k, z∞

1
−z∞

2
) dz∞

1
dz∞
2
. (A24)

h(x−x∞, z−z∞)=− i
k2

4
e−ip/4S 2

pkg(z−z∞) Let f=z∞
1
−z∞

2
and z∞= (z∞

1
+z∞

2
)/2. F

e
is concentrated in the

region |kdz∞
1
−z∞

2
|<2p. Thus the largest contribution of the

integrand is in the region z∞=z∞
1
=z∞

2
. As the cosine is a slowly×expAik

2

(gx−x∞)2
g(z−z∞) B , (A16)

varying function of z∞, we can approximate (z−z∞
i
)z∞
i

by
(z−z∞)z∞. Moreover, if we assume that the vertical correlationwith g=z∞/z. If g=1, eq. (A16) corresponds to the plane-wave
length b is small in relation to the depth z, we obtain z& |f|case (Ishimaru 1978).
and we can extend the integration over f from [−z, z] toInstead of (A16), we use the relationship relating the Fourier
]−2, 2[. In the geometrical optics case, Touati (1996) provestransforms to the horizontal coordinate:
that this approximation is valid if the angle between the two

rays is not too large, i.e. |x1−x2 |%2z. Here, we also assume
e(x, z)= P2

−2
eikxe(k, z) dk , (A17)

that the incident angles are small and we approximate the

path length √z2+x2
i

by z. We obtain
where k is the horizontal wavenumber coordinate. The Fourier

transform of h with respect to x−x∞ and k is (Chevret 1994)
FS (k, 0)=

k2

4 P z
0

cos2Ak2 (z−z∞)
2k

z∞
zB dz∞ P2

−2
F
e
(k, f) df .

F[h(x−x∞, z−z∞)]=− i
k

2
expA− i

k2g(z−z∞)
2k B . (A18)

(A25)

Substituting (A17) for (A15) and using (A18) gives the following By replacing (A2) in this equation, and taking its inverse
equation in the spectral domain: Fourier transform to return to the spatial domain, we finally

obtain
Y(k, z)=− i

k

2 P z
0

expA− i
k2g(z−z∞)

2k B e(k, z∞) dz∞ . (A19)

Cov[S(x
1
, z), S(x

2
, z)]=

pk2

2 P z
0
P2

0
expAikx

z∞
z BThis is the general solution of the spherical wave equation

using the Rytov and parabolic approximations.
The real part of Y contains the wave amplitude and ×cos2Ak2(z−z∞)

2k

z∞
z BW

e
(k, 0) dk dz∞ ,

the imaginary part contains the traveltime. Amplitude con-

siderations are used by Shapiro & Kneib (1993) to study (A26)
scattering attenuation caused by random seismic media. Here,
we are only interested in traveltime fluctuations. where x=|x1−x2 |.

By a last change of variables u=xz∞/z and from (A21), the
covariance between the traveltimes of a spherical wave isA3 Stochastic expressions in traveltimes

We know from (A3) that

Y(r)= logA A(r)
A
0
(r)B+ iS∞(r) , (A20) GCov[T (x

1
, z), T (x

2
, z)]

=
p

2v2
0

z

x P x
0
P2

0
eiku cos2Ck2z

2k

u

xA1− u

xBDW
e
(k, 0) dk du ,

Var[T (x
1
, z)]=

p

4v2
0
z P2

0
C1+ k

k2z
sinAk2z

k BDW
e
(k, 0) dk ,

where A and S∞=S−S0 are the amplitude and the deviation

of the phase of the total field, A0 and S0 the amplitude and
the phase of the incident field. We define the arrival time T as

(A27)
T (r)=

S(r)

kv
0
. (A21)

because

Taking the imaginary part of (A19), in the spectral domain we P z
0

cos2Ak2(z−z∞)
2k B dz∞=

z

2 C1+ k

k2z
sinAk2z

k BD . (A28)get

S∞(k, z)=−
k

2 P z
0

cosAk2g(z−z∞)
2k B e(k, z∞) dz∞ . (A22) For the plane-wave case, we deduce from (A26) with z∞/z=1

and (A28) the following:
We now derive the second-order moment of arrival times.

Cov[T (x
1
, z), T (x

2
, z)]The covariance of the spectral components of e(k, z) is

(Ishimaru 1978)
=

p

4v2
0
z P2

0
eikxC1+ k

k2z
sinAk2z

k BDW
e
(k, 0) dk . (A29)

Cov[e(k
1
, z
1
), e(k

2
, z
2
)]=d(k

1
−k

2
)F
e
(k
1
, z
1
−z

2
) , (A23)
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