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S U M M A R Y  
The Direct Solution Method (DSM) (Geller et al. 1990; Geller & Ohminato 1994) is 
a Galerkin weak-form method for solving the elastic equation of motion. In previous 
applications of the DSM to both laterally homogeneous and laterally heterogeneous 
media the vertically dependent part of the trial functions has been either linear 
splines (e.g. Cummins et al. 1994a,b) or the vertically dependent part of modal 
eigenfunctions (e.g. Hara, Tsuboi & Geller 1993). In this paper we formulate the 
DSM using analytic trial functions which are solutions of the homogeneous 
(source-free) equation of motion in locally homogeneous portions of the medium. 
We present explicit formulations for SH and P-SV wave propagation in an isotropic, 
laterally homogeneous, plane-layered model. The trial functions so that it is easy to 
satisfy continuity of displacement at internal interfaces. For the laterally homoge- 
neous SH problem we first find a set of R + 1 analytic trial functions that satisfy 
continuity of displacement at the R - 1 internal interfaces between the R layers. 
Each of the trial functions is non-zero in at most two layers. We then solve the weak 
form of the equation of motion, which in effect enforces the upper and lower 
boundary conditions, and continuity of traction at the internal interfaces. The trial 
functions are chosen so that the equation of motion becomes a tridiagonal 
( R  + 1) X ( R  + 1) system of linear equations. For the P-SV problem we define a set 
of 2R + 2 analytic trial functions that satisfy continuity of displacement, but not 
continuity of traction, at internal interfaces; the trial functions are chosen so that the 
equation of motion then becomes a (2R + 2) X (2R + 2) system with a bandwidth of 
7. In contrast, previous global solution methods (e.g. Chin, Hedstrom & Thigpen 
1984; Schmidt & Tango 1986), which solve simultaneously for both internal conti- 
nuity of displacement and traction as well as the external boundary conditions, solve 
a 2R X 2R system of linear equations for the SH problem or a 4R X 4R system for 
the P-SV problem, each having approximately twice the bandwidth of our systems of 
equations. We show that through an appropriate choice of the form of the 
homogeneous solutions in each layer our approach can also be readily incorporated 
into strong-form global solution methods, thereby leading to exactly the same 
system of equations obtained by our weak form derivation. We also present the 
DSM equation of motion for a plane-layered medium composed of a combination of 
fluid and solid layers. The dependent variable in the fluid layers is a scalar quantity 
proportional to the pressure change, while the dependent variable in the solid is the 
displacement. Continuity of displacement and traction at fluid-solid boundaries is 
enforced by augmenting the weak-form operator by appropriate surface integrals. 

Key words: layered media, synthetic seismograms. 

Strang & Fix 1973) and applied mathematics (e.g. Dautray 
& Lions 1988), but is not necessarily well known in 
seismology. Solutions of the strong form of the elastic 
equation of motion, which seismologists usually regard as 
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INTRODUCTION 
The existence of both strong and weak forms of partial 
differential equations is well known in engineering (e.g. 
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‘the’ equation of motion, must explicitly satisfy both 
continuity of displacement and traction, and must explicitly 
satisfy boundary conditions involving traction (e.g. a free 
surface). In contrast, solutions of the weak form of the 
elastic equation of motion must explicitly satisfy continuity 
of displacement, but boundary (or continuity) conditions 
involving traction are ‘natural boundary conditions’ (or 
‘natural continuity conditions’) which are automatically 
satisfied (for a complete set of trial functions) or 
approximately satisfied (if the trial functions are not a 
complete set). 

Recently, Geller & Ohminato (1994) presented general 
results for the weak form of the elastic equation of motion 
for fluid and solid media with arbitrary natural boundary 
conditions. They also presented an explicit matrix 
formulation of the weak form for the case in which the 
weight functions are the complex conjugates of the trial 
functions (the Galerkin weak form). Geller et al. (1990) and 
Geller & Ohminato (1994) call this method the Direct 
Solution Method (DSM). 

The purpose of this paper is to derive the DSM 
formulation of the elastic equation of motion for a 
heterogeneous medium using analytic trial functions which 
are solutions of the homogeneous (source-free) equation of 
motion for a locally homogeneous region. We present a 
general formulation for an arbitrarily heterogeneous 
medium, but include explicit results for the case of a 
plane-layered medium only. Numerical results will be 
presented in a later paper. 

Kennett (1983) and Chapman & Orcutt (1985) have 
presented comprehensive reviews of work on strong-form 
solutions of the elastic equation of motion. For the case of 
plane-layered media most workers have used various 
recursive approaches. However, Chin et al. (1984) and 
Schmidt & Tango (1986) used global solution methods to 
solve the strong form of the elastic equation of motion. We 
discuss the relation between our formulation and these 
global solution methods in a later section. 

Some possible merits of the present approach can be 
noted. One is that the DSM formulation is well suited to 
waveform inversion (Geller & Hara 1993). Another is that 
because the present analytic formulation is a weak-form 
solution it can be readily combined with a purely numerical 
formulation (e.g. analytic trial functions can be used for 
homogeneous layers and linear spline trial functions can be 
used where there are velocity gradients). Other hybrid 
formulations also exist (e.g. van den Berg 1984; Regan 1991) 
but are more cumbersome, as they couple weak-form 
numerical solutions to strong-form analytic solutions. 
Finally, one of the long-standing problems afflicting 
propagator matrix methods is numerical instability for 
evanescent waves (e.g. Dunkin 1965) and the present DSM 
formulation appears to be less susceptible to such instability 
than previous methods. The extension of the present 
approach to laterally heterogeneous media (e.g. deriving the 
weak-form counterpart of Koketsu, Kennett & Takenaka’s 
1991 approach) appears possible, but explicit results have 
not yet been derived. 

THEORY 
We follow the standard DSM approach (Geller & Ohminato 
1994, hereafter abbreviated GO) and use the complex 

conjugates of the trial functions as weight function\. (;o 
(Sections 2 and 3) allowed the trial and weight functions to 
be two distinct sets. Only in Section 4 of GO. \\hen the  
Galerkin weak form of the equation of motion was 
introduced, were the weight functions defined to bc the 
complex conjugates of the trial functions. I n  contrast. 
throughout this paper we consider only the Galerhin rtetIk 
form. We therefore do not make any distinction hctuccn t h e  
trial functions and weight functions, since the Iattcr are 
always the complex conjugates of the former. 

For the moment we assume free surface niituriil houndarv 
conditions. The weak form of the elastic eqtiatioii of niotion 
(GO, eq. 3) is 

where p is the density, C,,,, is the elastic modulus (including 
the effect of anelastic attenuation), u,  is the displacement, 
and w is the frequency. uk, ,  denotes differentiation of the k t h  
component of u with respect to the /-coordinate. Eq. ( 1 )  
must be satisfied for each of the vector trial functions. The 
trial functions must be continuous, but their tractions are 
not required to be continuous. The summation convention 
applies to dummy subscripts corresponding to physical (.v-, 
y -  or z - )  coordinates, but not to indices corresponding to 
abstract vector spaces, such as those denoting trial functions. 
The summation convention also does not apply to explicit 
subscripts (e.g. x ,  y ,  or z ) .  

In this paper we use vector trial functions, 4:n),  which arc 
non-trivial solutions of the strong form of the homogeneous 
equation of motion, 

in some part of the domain, and are zero in the rest of the 
domain. The tractions of the trial functions (i.e., C,,A,+r,hr) 
are continuous in the n, direction within each homogeneous 
region, but will in general be discontinuous at boundaries 
between regions. For the moment we proceed on the 
assumption that such trial functions exist; their particular 
forms are derived below. 

We cannot solve eq. (1) by representing the displacement 
only as a superposition of trial functions that satisfy eq. (2), 
because such trial functions cannot represent the solution in 
the source region. We therefore will also require a particular 
solution, uIP), in some volume, V,, that completely includes 
the source region. The particular solution must satisfy 

(3 )  

in V,, where f is the body force. To make it easy to ensure 
continuity of the displacement, which is the sum of the 
particular solution and a homogeneous solution, we require, 
without loss of generality, u!”) = 0 on the surface, S,, which 
surrounds the source region, V,. For convenience we set 
U , ‘ ~ ’ = O  outside the source region V,, so that it is defined 
everywhere in the medium. 
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We represent the solution of eq. (1) in the source region, 
V,, as the sum of the particular solution, uIp),  from eq. (3) 
and an as yet unknown homogeneous solution, w,. Outside 
the source region the solution is the homogeneous solution, 
w,, only. We thus obtain: 

(4) 

Substituting eq. (4) into eq. (l), moving all terms involving 
' I p )  to the right-hand side (r.h.s.), and using eq. (3) to 
simplify the r.h.s., we obtain: 

where n, is the outward unit normal to S,, the surface of the 
source region. Note that eq. (5) must be satisfied for each of 
the trial functions. 

We now represent the homogeneous solution, w,, as a 
linear combination of the trial functions: 

We substitute eq. (6) into eq. (5) to obtain the DSM 
equation of motion: 

AC = (wZT - H)c = -g, (7) 

where T is the mass (kinetic energy) matrix, H is the stiffness 
(potential energy) matrix, c is the vector of expansion 
coefficients of the trial functions, A = w'T - H, and g is the 
force vector. 

The explicit form of the matrix elements and vector 
elements is as follows 

T,, = 1 [4fm)]*~.41") dV, (8) 

Jv 
(9) 

We combine eqs (8) and (9) into a single equation for the 
elements of A = w2T - H, integrate eq. (9) by parts, and use 
eq. (2) to eliminate the resulting volume integral (as its 
integrand is zero) to obtain 

A,, = w2Tm, - H,, 

= - ~ ) 4 $ ) ] * C , j k i ~ ~ ) n ,  dS. (11) 

A subtle point must be considered in performing the 

integration by parts in eq. (11). We cannot integrate by parts 
over the whole volume, as C,Jk/4&h, is not continuous in the 
n, direction everywhere. Therefore we must first break up 
the volume V into regions where this quantity is continuous. 
We then integrate by parts separately in each such region. 
Thus the surface integrals in the last line of eq. (11) are 
evaluated by integrating over all of the surfaces where either 
of the trial functions has discontinuities in the traction, 
n,C,,k/4g). For example, for the flat-layered media 
considered in the following sections the tractions of the trial 
functions are continuous within each homogeneous layer, 
but are discontinuous at layer boundaries. The integration 
by parts is therefore performed separately for each layer in 
the following sections of this paper. 

Physical interpretation 

The physical significance of eq. (5) becomes clearer if we 
integrate by parts, move the r.h.s. to the left-hand side 
(l.h.s.), and use eq. (4) to obtain 

- ~ d s [ 4 ! ~ ) l * ( c , , k / u k , / n , )  = 0. (12) 

Note that there is no volume integral in eq. (12) because we 
used eqs (2), (3) and (4) to show that the volume integral is 
zero. The surface integral in eq. (12) is taken over the outer 
boundary and over all surfaces where the tractions of the 
trial functions are discontinuous, i.e. the internal boundaries 
between homogeneous regions. Since the trial functions are 
arbitrary, eq. (12) requires the coefficients of the trial 
functions to be zero. Thus eq. (12) requires the traction to 
be zero at the outer boundary: 

c!Jk,uk.fl] = 

and also requires the traction to be continuous at each 
internal boundary: 

The conditions of continuity of traction and the free outer 
boundary are typically only approximately satisfied by 
solutions of the weak form (see Strang & Fix 1973, or GO, 
Section 2.7, for example). Here, however, these natural 
boundary and continuity conditions are satisfied exactly, as 
the trial functions are solutions of eq. (2) in each 
homogeneous region. 

LATERALLY H O M O G E N E O U S  S H  
P R 0 B L E M 

As is well known, for a laterally homogeneous, isotropic, 
medium the P-SV and SH problems are decoupled. Also, 
due to separation of variables, the equation of motion can 
be solved separately for each wavenumber and the final 
solution obtained by an inverse Fourier transform for 
Cartesian coordinates or an inverse Fourier-Bessel trans- 
form for cylindrical coordinates. However, since the 
vertically dependent part of the problem is basically the 
same for both Cartesian and cylindrical coordinates, we 
present results for the Cartesian case only in this paper. 
Following standard usage in seismology for problems in 
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Cartesian or cylindrical coordinates, we assume z is positive 
in the downward direction. 

We consider a medium consisting of a stack of R 
homogeneous plane layers. The rth layer has Lam6 
constants A, and pr, which in general will be complex (due 
to the effect of anelastic attenuation) and density pr. The 
first layer extends from depth z,, to zl, the second layer from 
z1 to z2, and the last (Rth) layer from zR- l  to zR,  where 
zo < zl . . . < zR. In the wavenumber domain (assuming the 
x-dependence of all functions is exp(+ik,x), sin k,x or 
cos k,x) the strong form of the homogeneous equation of 
motion in the rth layer is 

where k, is the horizontal component of the wavenumber 
vector. In the following we assume f i s  non-zero only in the 
pth layer. In this section u(")  denotes a particular solution in 
the p th layer which satisfies boundary conditions 
u(P)(zP- l )  = U ' ~ ' ( Z , )  = 0. Such a particular solution can be 
obtained using standard Green's function techniques. u ( ~ )  is 
a solution of 

We define u ( ~ )  = 0 outside the pth layer. 

equation of motion is 
In the wavenumber domain the weak form of the 

Note that the trial functions 4("') are now scalar functions of 
depth only, and that eq. (15) must be satisfied for each of 
the trial functions. Eq. (15) holds for an arbitrarily vertically 
heterogeneous medium, but, in contrast, eqs (13) and (14) 
are true only for a homogeneous layer. Such a caveat also 
applies to the weak and strong forms for the P-SV problem 
and the fluid problem, introduced below, but is not repeated 
explicitly. 

We introduce a scalar function w which is a solution of the 
homogeneous equation of motion, defined as follows: 

We substitute eq. (16) into eq. (15), and use the fact that 
u ( ~ )  satisfies eq. (14) in the pth layer to obtain the explicit 
form of eq. (5) for the SH case: 

[ (w2p - k:p) [4( ' " ) ] *w - p 
d z  dz  

We now represent the homogeneous solution, w, as a 
linear combination of the trial functions: 

We assume the trial functions, +("I, are continuous functi 
of depth which satisfy eq. (13). Their tractions, however, 
not required to be continuous at boundaries between laye 

equation of motion: 
We substitute eq. (18) into eq. (17) to obtain the DSM" 

AC = -g, (19) 

where 

We used the fact that the trial functions are solutions of eq. 
(13) to obtain the last two lines of eq. (20). Note that we 
obtain two equal forms depending on which of the trial 
functions we integrate by parts. 

To minimize the CPU time required to solve eq. (1  9) we 
wish to pick trial functions that lead to A's being tridiagonal. 
This requires that 4(n)  # 0 only in the range z ,  ~ I < z < z , ~  + 

For convenience we want the nth trial function to satisfy 
4 ( n ) ( ~ n )  = 1, so that the expansion coefficient c,, is equal t o  
the value of w at the nth node. We therefore define the trial 
functions $( " ) (z ) ,  where n = 0, . . . , R, as follows: 

where ka,n and kp,n are the vertical components of the 
wavenumber vectors for P waves and S waves, respectively, 
in the nth layer: 

and the P and S velocities are given, respectively, by 

Although we introduce the P-wave velocity and the vertical 
component of the wavenumber for P waves here, these 
quantities are not used until the next section. Note that in 
eq. (22) we do not define the nth trial function exactly 
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at 2 =zn,  as its derivative would be multivalued. However, 
&is is just a technicality. In any case $ ( n l ( z ; )  = ~ ( " I ( Z ; ) ,  

a d  we can regard this as defining $(")(zn). Finally, note that 
the trial functions defined in eq. (22) are solutions of eq. 
(13). The first line of eq. (22) is ignored for n = 0 and the 
second line is ignored for n = R. 

We now use the explicit form of the trial functions from 
eq. (22) to obtain the explicit form of the matrix and vector 
elements. Using the first of the two forms in eq. (20) we 
have 

where the first term of eq. (25) is ignored for m = 0, and the 
second term is ignored for m = R. Note that A,, = 0 if 
1m - nl> 1. 

The only non-zero elements of the vector g are gp-l  and 
g,. We have 

gp-l  = P p d Z  dU'P'l .=,,.+, 

Relation to global solution methods 

The DSM equation of motion for the SH case, eq. (19) is a 
system of R + 1 simultaneous linear equations. From eqs 
(16), (18), (25) and (26) we see that the choice of trial 
functions eq. (22) makes it particularly easy to understand 
the physical meaning of eq. (19). The first (m = 0) and last 
(m = R )  of the linear equations require the traction at the 
upper and lower boundaries to be zero. Each of the other 
equations requires the tractions at the mth node to be 
continuous. 

On the other hand, the global matrix formulation of Chin 
et al. (1984) and Schmidt & Tango (1986) solves the strong 
form of the equation of motion by starting with a particular 
solution in the source layer. An appropriate homogeneous 
solution in each layer is then added to the particular solution 
so that the boundary conditions and internal continuity of 
displacement and traction are satisfied. The unknowns are 
the coefficients of the homogeneous solutions. These authors 
represent the homogeneous solution in the rth layer as 

u = A ,  exp ( i k , ~ )  + B, exp ( -ikp,.z). (27) 

The unknown variables are the coefficients of the upgoing 
and downgoing homogeneous solution in each layer, A,  and 
B,. These authors thus obtain (for the SH problem) 2R 
simultaneous linear equations: R - 1 equations for con- 
tinuity of displacement, R - 1 equations for continuity of 
traction, and 2 equations for the boundary conditions. 

Suppose, however, that the above authors had not used 
homogeneous solutions of the form eq. (27), but had instead 
used homogeneous solutions of the form 

Both eqs (27) and (28) are general solutions of eq. (13) in 
the rth layer. It is straightforward to transform between 
these equations by obtaining a relation (not shown 
explicitly) between (Ar,  B,) and (A; ,  B:).* However, the 
advantage of using eq. (28) rather than eq. (27) is that 
continuity of displacement can be trivially enforced if the 
former is used. We have u(z,+-,) =B: and u(z ; )  = A ; .  
Continuity of displacement thus requires u(zr-) = A: = 

u(z,+) = i.e. A;  = B:+,. We can immediately use this 
relation to eliminate R - 1 of the 2R variables, thereby 
reducing the number of linear equations from 2R to 
R + 1. On the other hand, the use of homogeneous solutions 
of the form eq. (27), while formally equivalent to the use of 
eq. (28), leads to a form of the equation for continuity 
of displacement that cannot readily be eliminated, and 
thus requires the numerical solution of all 2R linear 
equations.? Thus the use of eq. (28) rather than eq. (27) 
would have allowed previous authors using global solution 
methods to eliminate the R - 1 equations for continuity 
of displacement, thereby leading to eq. (19), even though 
the starting point was the strong form of the elastic equation 
of motion rather than the weak form. We show below 
that the same general approach can be applied to the P-SV 
problem as well as to the SH problem, although the form of 
the trial functions is somewhat more complicated. 

Evanescent regime 

Some care must be exercised in evaluating eq. (25) using the 
trial functions defined in eq. (22) when considering the 
evanescent case, as overflow can result from attempting to 
evaluate expressions like cos [kp,,(z, -  sin [k,.,(z, - 
z,- in exactly the form written. However, this problem 
can always be avoided by replacing sin and cos by their 
definitions in terms of exp, and multiplying or dividing (as 
appropriate) both the numerator and denominator by 

The coupling between layers in eq. (19) comes from the 
off-diagonal elements of the matrix A. For the evanescent 
case the off-diagonal elements of A become negligible, thus 
leading to a stable situation in which the evanescent 
solutions are not excited unless there is a source in the 
corresponding layer. 

exp [ i k p . r - l ( Z r  - zr-1)1. 

Boundary conditions 

In many applications it may be desirable to consider natural 
boundary conditions other than a free surface, e.g. a 
radiation boundary condition at the lower boundary. As 
shown by GO (eq. 9) such boundary conditions are handled 
by augmenting the weak-form operator by a surface integral 
(a boundary term for a laterally homogeneous problem). 
For the SH problem with a radiation boundary condition at 

* In fact eqs (22) and (28) were derived by, say, setting u ( q )  = 1; 
u ( z , )  = 0 in eq. (27) and solving for A and I?. 

t Sometimes global solution methods handle the exterior 
boundary conditions by picking appropriate homogeneous solutions 
in the top and bottom layers, thus solving a (2R - 2) X (2R - 2) 
rather than 2R X 2R system, but we ignore this minor distinction in 
this paper. 
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the lower ( z  = z,) boundary (see eqs B5 and B6 of GO) the 
matrix operator in eq. (19) becomes 

Note that we assume z is positive in the downward direction. 
A fixed boundary condition is an essential boundary 

condition. Such a boundary condition is unlikely to  arise for 
seismological problems in solid media, but we discuss it for 
purposes of completeness. Suppose the boundary at z = zo is 
required to  be fixed. This boundary condition can be 
satisfied if and only if every trial function has zero 
displacement at z = zo. For the trial functions in eq. (22) this 
condition can be satisfied by simply eliminating +(") from the 
set of trial functions. We thus have an R X R, rather than 
( R  + 1) X ( R  + l), system of linear equations for a medium 
with one fixed boundary condition and one natural 
boundary condition. 

Sources at a node 

We consider the special case of a force applied at a node 
point. Such sources can be divided into two classes: sources 
requiring a discontinuity in displacement, and those 
requiring a discontinuity in traction. The former can be 
handled by using a particular solution which is non-zero in 
two layers (i.e. from z,-~ to z,+,). The latter can be handled 
without having to introduce a particular solution at all, by 
simply evaluating the r.h.s. of eq. (1). Explicit results for the 
case of sources of nodes are not discussed further in this 
paper. 

LATERALLY HOMOGENEOUS P - S V  
PROBLEM 

For the same layered medium considered in the previous 
section, the strong form of the homogeneous equation of 
motion for the P-SV problem in the r th  layer is 

[ o z p r  - k:(& + 2p,)]ux - &(Ar + pr)uZ.z + CL,~,,,, = 0, 

(w2p, - k%,)u, - ik,(A, + pr)u,,, + (A, + 2p,)u,,,, = 0. 

(30) 

In this section we assume the body force, f, is non-zero only 
in the p t h  layer. In this section u(,) denotes a particular 
solution in the p t h  layer which satisfies boundary conditions 
U ( ~ ) ( Z , - , )  = U(~)(Z,) = 0. Such a particular solution can be 
obtained using standard Green's function techniques. u(") is 
a solution of 

[w2pp - kt(A, + 2~,cLP)lu!p) - i k ( A , ,  + p,,)~?; + CL,~?), 

(w2pp - k%,)u?) - ik,(A, + pP)u?2 + (A, + 2 ~ , ) u ? ? ~  

= -L 

= -fi. 
(31) 

We define u(") = 0 outside the p th layer. 

In the wavenumber domain the weak lot-111 0 1  Itlc 
equation of motion is 

["(w2p - pkf)[4f)]*ur  + [w'p - ( A  + 2 ~ ) k f ] [ d > : " " ] Y , i ,  

+ i k , ~ { [ 4 ~ ~ ~ ' ] * u ,  - [4y ' ]*u;  :} + ik,,.~{[d,j"I'].*cr 

- [4:m)]*u7,z} - (A + 2@)[cfJjm)]*u;,; 

- P[4?3*4. .J  d z  

= - li" {[4f']*L + [4y']*,f,}dz. L32) 
C,' - I 

Note that eq. (32) must be satisfied for each o f  thc [ri;rl 
functions. 

We introduce a vector function w, which iq ;I ~ ( i l ~ i t t ~ i n  of 
the homogeneous equation of motion, defined a \  tolliius: 

We now modify the notation used t o  designalc t!ic [rml 
functions. Rather than 4;"') and 4;") we write d:?' and (I):', ', 
where y + ( n / )  and y ' + ( n ' / ' )  are pointers. I I  and 1 1 '  the 
indices for the nodes, and / =  1 or 2 and l ' =  I OI 2 
(explained in more detail below) are inclici.4 1 0 1  the 
polarization of the trial functions. (See Appendix A ot (i0. 
but note that the notation used here is somewhat different.) 
The trial functions, +!y), are continuous functions oC clcpth 
which satisfy eq. (30). Their tractions, however. a rc  not 
required to be continuous at boundaries between layers. 

We represent the homogeneous solution, K , ,  as ii linear 
combination of the trial functions: 

We substitute eq. (34) into the weak form of the equation of 
motion, eq. (32), to obtain the DSM equation of motion for 
the P-SV case: 

AC = -g, (35) 

where 
R 

AYf = c [-[4?)1*{Pr[4!l;) - ikx41"'l> 

g, = - [ [ ~ I " ] * { p , , [ u l f ~  - i k x U y ] }  

r = l  

- [4~ ' ]*[ - ik ,Ar4 .~"+ (A, + 2/.~,)+~~~')]]1~>-,, (36) 

+ [ c # ~ ~ ~ ) ] * [ - i k , h , , ~ ~ )  + (A, + 2pp)~::)]]l;i%,. (37) 

Note that the choice of which way to integrate by parts in 
eq. (36) is arbitrary (see eq. 20 for comparison) and that 
only one of the two possibilities is shown. 

P-SV trial functions 

To minimize the CPU time required to solve eq. (35) we 
wish to  pick trial functions that lead to  A's being block 
tridiagonal, with each block having dimension 2 X 2. This 
requires that 4;") # 0 only in the range z ,  , < z < z,, +,. For 
convenience we want the y+ (n, / = 1)th trial function to 
satisfy 4z)(z,J = 1, ~ P ) ( Z , ~ )  = 0, and the y+ (n, 1 = 2)th 
trial function to  satisfy 4$")(z,,) = 0, 4?)(zn) = 1. While this 
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coefficients E, and F; so that h'""(z) will satisfy eq. (39) at 
z = A .  From the coefficients in eq. (42) we define the 
following intermediate coefficients: 

convention for 1 is not an intuitively obvious 
choice for Cartesian coordinates, we choose it to be 
?Consistent with the numbering convention for vector 
spherical harmonics in a spherical model, for which S' 
comesponds to the vertical component, and S2 to the radial 
component. 

We now show it is possible systematically to find solutions 
of eq. (30) that have the desired properties. We define the 
vector trial functions for the P-SV problem, +Iy)(z) = 
~ Y ) ( z ) ,  where n = 0, . . . , R and 1 = 1 , 2  as follows: 

i. otherwise 

h!""(z - z,-,) z,-I < z  <z, 
#/)(z) = h?+' %,+I - z )  z, < z <z,+,. (38) 

hj"')(z) is a solution of eq. (30) in an infinite medium that 
has the elastic properties of the n th layer. We require hj") to 
satisfy the following conditions: 

hj""(0) = 0 

h!""(zn - zn-1) X 6,z6/l + Six6/2, (39) 

where 6,, is a Kronecker-6. Note that we ignore the first line 
of eq. (38) for n = 0 and ignore the second line for n = R. 
Eq. (39) places constraints on the x- and z-components of 
hj"" at z = O  and z =z,, -z,-,. We thus have four 
constraints on four unknowns, namely the coefficients of the 
upgoing and downgoing P and S waves, so the explicit form 
of hY)(z) could be found by the solution of a 4 x 4 system 
of linear equations. However, it is easier first to find a 
solution of the homogeneous equation of motion that 
satisfies hj""(0) = 0, thereby reducing the number of 
unknowns to two. The remaining two unknowns are then 
determined using the constraints on hj""(z, - z ~ - ~ ) .  

Since we are dealing with only the nth layer, we drop the 
subscripts n on the vertical components of the wavenumber 
vectors, and write k, and k, rather than k, and k,. We 
begin with the general form of the solution of eq. (30): 

We introduce two new coefficients, El and 4. If the 
expansion coefficients in eq. (40) satisfy 

then hF')(O) = hy)(O) = 0. Using eq. (41), eq. (40) becomes 

ikxkp cos k,z - ikxk, cos kpz 
k,k, sin k,z + k: sin k,z 

k: sin k,z + k,k, sin k,z 
ik,k, cos k,z - ik,k, cos k,z 

h("" = El( 

(42) +4(. 

We now define A=z,  -z" -~ ,  and solve for the 

ik,k, cos k, A - ik.,k, cos k, A 
k,k, sin k,A + kSsin k,A 

I. k: sin k, A + k,k, sin k, A 
ik,k, cos k,A - ik,k, cos kBA 

The second line of eq. (39) may then be written 

The solutions of eq. (44) are 

(43) 

(44) 

(45) 

We can use the identity sin' +cos'= 1 to simplify the 
denominator as follows: 

ad - bc = -2kqk,k,(l- cos k,A cos k,A) 

- (k: + ktk;) sin k,Asin k,A. (46) 

Note that, as was discussed above for the SH case, 
appropriate precautions must be taken when making 
numerical calculations for the evanescent case. 

The above results can also easily be used in strong-form 
derivations of the equation of motion. Rather than using the 
upgoing and downgoing P and S waves as the four basic 
solutions for each layer, one instead can use hj"')(z - zn-,), 
hj""(z - z ~ - ~ ) ,  hj"l'(z,, - z), and hl.""(z, - z) as the four 
basic solutions in the nth layer. Implementing continuity of 
displacement then becomes trivial, so only a (2R + 2) X 
(2R + 2) system of linear equations, rather than a 4R x 4R 
system of linear equations, need be solved. The system of 
equations thus obtained will be rigorously equivalent to eq. 

For the above trial functions, eqs (36) and (37) can be 
(35). 

simplified as follows: 

A y y ,  = -a/APn[+?;) - ikx+iY"]) 

- 6/,[-ikxAn+!Y" + ( A n  + 2~n)+?;)]Iz=z; 

+ 6&n+l[+?z') - ik,+iY"l) 

+ a/I[-ikxAn+l+!Y') + ( A n + l  + 2~n+1)$?z"Ilz=zz. (47) 

The first two lines of eq. (47) are ignored for n = 0 and the 
last two lines are ignored for n = R. Note that AYyt  = 0 if 
In - n'l> 1. Thus, provided that the rows and columns of 
the matrix A are arranged in the order (n, I )  = (0, I), (0,2), 
(1, l), (1,2), . . . , A will be block tridiagonal. 

All of the elements of the r.h.s. vector other than the 
following are zero. 
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Radiation boundary condition 
follows: 

For a medium with a radiation boundary condition as the 
lower boundary condition we follow basically the same 
procedure as was used to derive eq. (29 )  for the SH 
problem. We introduce (following GO, eq. B16) the 
constants S,,, which are defined as follows. 

Note that we are assuming z is positive downwards, so an 
outgoing radiation condition at the lower boundary means 
that all radiation must propagate in the positive z-direction. 

We now can write the modified version of eq. (36) for the 
P-SV problem with a radiation boundary condition: 

We do not present the explicit counterpart to eq. (47) for 
the case of a radiation boundary condition, but it can be 
derived easily. 

LATERALLY HOMOGENEOUS FLUID 

Following GO (Section 3) we use Q, a quantity proportional 
to the pressure change, as the dependent variable in a fluid 
medium. We define Q as follows (GO, eq. 26): 

Except in the immediate vicinity of the source, the 
displacement is obtained from Q using the following relation 
(GO, eq. 27): 

We consider a fluid medium consisting of a stack of RF  
homogeneous plane layers. The rth layer has a Lam6 
constant A,, which in general will be complex (due to the 
effect of anelastic attenuation), and density pr. (Note that 
p, = 0 for a fluid.) The first layer extends from depth zo to 
zl, the second layer from zl to z2, and the last (RFth) layer 
from z R F - 1  to zRF. The strong form of the homogeneous 
equation of motion in the rth fluid layer is obtained by 
simplifying GO eq. (28) to eliminate terms that are zero for 
the case of a homogeneous medium. In the wavenumber 
domain (assuming the x-dependence of all functions is 
exp (*ik,x), sin k,x or cos k,x) the equation of motion is as 

(53 )  

In the following, we assume the body force, J ,  is non-zero 
only in the pth layer. In this section Q(")  denotes a 
particular solution in the pth layer which satisfies boundary 
conditions Q(p)(z , - I )  = Q ( p ' ( ~ , )  = 0. Such a particular 
solution can be obtained using standard Green's function 
techniques. Q(,) is a solution of 

We define Q(,) = 0 outside the pth layer. 
In the wavenumber domain the weak form of the 

equation of motion for a plane-layered fluid medium is 
(based on GO, eq. 31) 

Note that the trial functions den') are scalar functions of 
depth only, and that eq. (55) must be satisfied for each of 
the trial functions. Also note that the natural boundary 
condition for eq. (55) is Q,; = 0. This in turn implies, based 
on eq. (52) ,  u, = 0, which is not the desired boundary 
condition in seismological applications. We instead want the 
upper boundary (say, the ocean surface) to be a free surface. 
This is an essential boundary conditions, since it requires 
Q-= 0. This essential boundary condition can be satisfied by 
requiring all of the trial functions to satisfy the condition 

We introduce a scalar function w which is a solution of the 
4 ( " ) ( Z O )  = 0. 

homogeneous equation of motion, defined as follows: 

We substitute eq. (56) into eq. (55), and use the fact that 
Q ( p )  satisfies eq. (54 )  in the pth layer to obtain the explicit 
form of the weak form for the fluid case for trial functions 
that satisfy the homogeneous equation of motion: 

(57) 

We now represent the homogeneous solution, w, as a 
linear combination of the trial functions: 

w = c C"4'"'. (58)  

We assume the trial functions, I$'"), are continuous functions 
of depth which satisfy eq. (53). The derivatives of the trial 
functions (which are related to the displacement by eq. 52) ,  
are not required to be continuous at boundaries between 
layers. 
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We substitute eq. (58) into eq. (57) to obtain the DSM 
equation of motion for a fluid: 

Ac= -g, (59) 

where 

Note that, as was also the case for eqs (20) and (36), the 
choice of which way to integrate by parts in eq. (60) is 
arbitrary. Also note that we used the fact that the trial 
functions are solutions of eq. (53) to obtain the last line of 
eq. (60). 

To minimize the CPU time required to solve eq. (59), we 
wish to pick trial functions that lead to A’s being tridiagonal. 
This requires that +(”) # 0 only in the range z , - ~  < z < zntl .  
For convenience we want the nth trial function to satisfy 
+(“)(z,) = 1, so that the expansion coefficient c, is equal to 
the value of w at the nth node. We therefore define the trial 
functions #(,)(z), where n = 0, . . . , RF, as follows: 

(0 otherwise. 

Note that the trial functions defined in eq. (62) are solutions 
of eq. (53). The first line of eq. (62) is ignored for n = 0 and 
the second line is ignored for n = RF. 

We now use the explicit form of the trial functions from 
eq. (62) to obtain the explicit form of the matrix and vector 
elements. Using the second line of eq. (60) we have 

where the first term of eq. (63) is ignored for m = 0, and the 
second term is ignored for m = RF. Note that A,,,,, = 0 if 
(m - nl> 1. 

The only non-zero elements of the vector g are gp-l and 
g,. We have 

If the uppermost layer is a fluid layer (e.g. the ocean) we 
want to impose a free surface boundary condition, i.e. 
Q = 0, at z = zo. This essential boundary condition can be 
satisfied if and only if every trial function is zero at z = zo. 
For the trial functions in eq. (62) this condition can be 

satisfied by simply eliminating #“I) from the set of trial 
functions. 

FLUID-SOLID MEDIUM 

The methods described in Section 3.1 of GO can be used to 
formulate the equation of motion for a plane-layered 
medium consisting of an arbitrary combination of fluid and 
solid layers. We present below the formulation of the 
equation of motion for a fluid medium (which can consist of 
an arbitrary number of different layers), overlying a solid 
medium (which can also consist of an arbitrary number of 
different layers). The following discussion considers a case in 
which there is only one fluid-solid boundary, but the 
generalization of the following results to the case of more 
than one fluid-solid boundary is straightforward. 

The key point in deriving the DSM equation of motion for 
the fluid-solid case is the introduction of matrix operators 
that enforce the continuity of displacement and traction at 
the fluid-solid boundary. We begin with some definitions. 
We add superscripts (S) (for ‘solid’) to the matrix and 
vectors in eq. (3.3, and (F) (for ‘fluid’) to the matrix and 
vectors in eq. (59). We then, based on GO, eqs (38)-(52), 
write the DSM equation of motion as follows: 

d%=-%, (65) 

where 

and 

We denote the depth of the fluid-solid boundary by zFs. The 
elements of the matrix R are defined as follows (based on 
GO, eqs 50 and 51): 

Rm7, = - [ 4‘“’] * 4:’) I =zFs, (68) 

where + c m )  are the scalar trial functions in the fluid and +?’) 
are the z-components of the vector trial functions in the 
solid. Note that we are assuming that z is positive in the 
downward direction. 

For the trial functions defined in eqs (38) and (62), only 
one element of R will be non-zero; this element will not 
increase the bandwidth of the linear equations. For these 
trial functions we order the trial functions in the fluid 
according to layer (rn = 0, 1,. . .) and we order the trial 
functions in the solid so that the polarization changes most 
rapidly, and then the layers are in numerical order (i.e. 
y’ = (n‘, I ’ )  = (0, l), (0, 2), (1, l), . . .). 

FUTURE TOPICS 

We are now using the methods of this paper to make 
computations for laterally homogeneous media, and will 
publish a companion paper with numerical results, including 
the computation of the partial derivatives of the synthetic 
seismograms. Also, the present results can be extended to 
the case of anisotropic media in a straightforward fashion. 
The extension of this work to layers with weak gradients 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/120/1/163/701298 by guest on 19 M

ay 2023



172 R. J .  Geller and T. Hatori 

(the ‘WKB weak form’) is another interesting future 
possibility. 

Koketsu er al. (1991) compute synthetics for laterally 
heterogeneous media by considering coupling between 
wavenumbers and solving a system of linear equations for 
the continuity of displacement and traction. It should be 
possible to formulate the DSM counterpart to their results. 
One would begin by constructing a set of trial functions that 
satisfy continuity of displacement. The DSM equation of 
motion could then be formulated and solved, thereby 
satisfying continuity of traction. The resulting solutions 
would be equal to those obtained by Koketsu et al., but the 
computational requirements would probably be lessened, 
and the stability for the evanescent case might be somewhat 
better . 

NOTE A D D E D  IN PROOF 

After this paper was accepted for publication, Henrik 
Schmidt (to whom we had sent a preprint) kindly called to 
our attention a paper by E. Kausel & J. M. Roesset (1981, 
Stiffness matrices for layered soils, Bull. seism. SOC. Am., 71, 
1743-1761); we in turn wish to call their paper to the 
attention of readers of this paper. 

Kausel & Roesset (1981) present results for SH and P-SV 
propagation in a plane-layered, isotropic solid medium with 
either free or radiation boundaries. Their chief result is 
the explicit form of what they call the ‘stiffness matrix’. Note 
that their ‘stiffness matrix’ corresponds to our matrix 
A = w*T - H, whereas we call H the stiffness matrix and T 
the mass matrix. 

Kausel & Roesset (1981) omitted the details of their 
formulation ‘due to space limitations’. It is therefore not 
clear whether they explicitly used trial functions of the form 
of our eqs. (22) or (38)-(46), but in any case equivalent 
intermediate forms must have been used. 

In contrast to the present paper, Kausel & Roesset (1981) 
did not present results for a plane-layered fluid medium, or 
for a plane-layered medium consisting of a stack of fluid and 
solid layers. On the other hand, the former paper contains 
useful results for the computation of normal modes of a 
plane-layered medium which are not contained in this paper. 
We regret not having cited their paper in our original 
manuscript, and are happy to be able to cite it in this added 
note. 
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