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SUMMARY 
The eigenperiods of the principal translational (Slichter) mode of free oscillation of 
the solid inner core (split into a triplet by the Earth’s rotation) are computed by a 
variational principle based on the subseismic approximation, neglecting ellipticity 
but taking Coriolis coupling into account to high order in the liquid core. First-order 
Coriolis coupling is retained in the solid parts of the Earth to compute their 
dynamical response (represented by load Love numbers) to disturbances of the 
outer core. A simple analytical model explains the presence of a low-frequency 
resonance in the Love numbers of degree 1 for the inner core boundary, which 
renders them highly frequency dependent near the Slichter eigenfrequencies. For 
PREM, with the outer core density profile slightly modified so as to be exactly 
neutral, the Slichter period neglecting Earth’s rotation is 5.41 19 hr. Fifth-order 
Coriolis coupling in the outer core is more than adequate to ensure convergence of 
the computed eigenperiods: we obtain 5.9697 hr, 5.3017 hr and 4.7594 hr for the 
prograde equatorial, axial and retrograde equatorial modes respectively. We draw 
attention to some shortcomings of the subseismic approximation encountered in this 
study. 
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1 INTRODUCTION 

Now that most other mechanisms proposed to drive the 
geomagnetic dynamo have been shown to be energetically 
impotent or thermodynamically inefficient, the favoured 
source of power is compositional convection-the gravita- 
tional differentiation of inhomogeneous liquid outer core 
(OC) material into a denser fraction, which freezes out to 
form the growing solid inner core (IC), and a lighter fraction 
which rises to the core-mantle boundary (CMB). The 
density discontinuity across the inner core boundary (ICB) 
is therefore an indicator of the gravitational energy which 
has been released to power the dynamo. 

This density jump, (pIc-poc)IcB=Ap, is not yet well 
determined by conventional seismology. The discontinuities 
in material properties at the ICB are so small that little 
energy is carried back by seismic waves reflected there 
(PKiKP). Attempts to infer Ap from PKiKP suggest a value 
in the range 1.3-1.6g~m-~ (Souriau & Souriau 1989; 
Shearer & Masters 1990). However, the latter authors 
consider these estimates unreliable and prefer the result of 
analysing a number of short-period free oscillations 
(selected for the comparative sensitivity of their periods 
to Ap), which suggests Ap = 0.4-0.7 g ~ m - ~ .  A better fix 
on the ICB density jump would contribute significantly 

to our understanding of core evolution and dynamo 
energetics. 

Such data could be provided by observation of a 
particular long-period free oscillation predicted by Slichter 
(1961). Imagine the solid IC slightly displaced from its 
equilibrium position at the centre of the Earth, so that liquid 
OC flows in to fill the cavity otherwise left behind. The 
displaced IC will be subject to a gravitational restoring force 
which, to a good approximation, can be regarded as 
proportional to Ap. Treating the displaced IC as a simple 
pendulum, its period will be proportional to (Ap) - ln ,  and 
thus will be a sensitive indicator of the ICB density jump. 
This translational oscillation of the IC about the Earths 
centre of mass does not violate conservation of momentum, 
because the flow of liquid OC material and the small 
accompanying vibration of the mantle are out of phase with 
the IC motion. 

In a non-rotating Earth model such a translational 
vibration is a spheroidal mode of degree 1, with the 
associated displacement field S;l (degenerate in azimuthal 
order m, which we therefore omit). In the usual terminology 
for the terrestrial free oscillations the translational mode of 
longest period is denoted ,S, (where the prefix is the 
overtone number), and it is this which is commonly called 
‘the’ Slichter mode. Of course higher order overtones ,S, 
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(p>1) form part of the short-period (less than 1 hr) 
free-oscillation spectrum, and and J1 have been 
identified. Also undertones ( p  <0) of even longer period 
will exist if part of the OC is stably stratified ( p  < O ) .  Since 
the Slichter mode does not require any stable stratification, 
and indeed can exist in a neutral OC, it should not be 
classed as an undertone. Strictly speaking the Slichter 
eigenfrequency in a non-rotating Earth model should be 
denoted but we shall replace it by the abbreviated 
notation o, since in this paper we do not deal further with 
the translational undertones or overtones. With a period of 
several hours, the Slichter mode is isolated in frequency 
space from the short-period free oscillations. For brevity we 
refer to the latter as the acoustic modes, since they are 
predominantly governed by the Earth’s elasticity rather than 
by gravitational restoring forces. 

In principle the Slichter mode could be excited by 
asymmetric crystallization of OC material on the ICB, or by 
a disturbance of the mantle with degree 1 content which 
deforms the CMB and is communicated through the 
compressible OC to the ICB. The signal of this mode at the 
Earth’s surface will be a small periodic change in gravity. 
Having been sought unsuccessfully using spring gravimeters 
(Rydelek & Knopoff 1984), this signal is now suspected to 
be at the nanogal level even for a very large earthquake 
(Crossley 1989), so the instrument of choice for attempting 
to detect it is a superconducting gravimeter. A still sparse 
and (globally speaking) poorly distributed network of these 
instruments is gradually being built up (Aldridge et al. 1991). 

To infer Earth properties unambiguously from the 
spectrum of a gravity signal requires a satisfactory theory. 
The principal obstacle to constructing one is that the Slichter 
period is long enough that the effects of the Earth’s rotation 
(with angular speed a) cannot with confidence be regarded 
as only small perturbations. Not only does the Coriolis effect 
remove the degeneracy in azimuthal order (thus splitting the 
Slichter eigenfrequency w 1  into a triplet), it makes a 
substantial contribution to the restoring force governing the 
oscillation in the liquid OC. The intermeshing of a spherical 
symmetry (due to gravitation) and a cylindrical symmetry 
(due to rotation) is the principal mathematical challenge to 
modelling the eigenspectrum of such long-period vibrations 
as the Slichter triplet. In an inviscid liquid OC this mixture 
of symmetries reduces (and, for periods approaching the 
semi-diurnal, utterly vitiates) the efficacy of the conventional 
representation of disturbance fields using vector spherical 
harmonics. For our purposes it will be sufficient to note that 
the Coriolis effect causes a single spheroidal displacement 
field of degree 1 and order m ( = -1, 0, 1) to couple into an 
infinite chain of odd-degree spheroidal, and even-degree 
toroidal, displacement fields: 

The coupling coefficient between successive terms in the 
chain is proportional to Rlw,.  The truncation issues 
associated with this representation have been widely 
discussed (e.g. Smith 1974; Johnson & Smylie 1977; Crossley 
& Rochester 1980; Rieutord 1991). 

At this juncture we refer to eqs (3) and (25) to establish 
the convention that negativelpositive azimuthal order m 
corresponds to a progradelretrograde travelling wave. We 

have symbolized the Slichter eigenfrequency in a non- 
rotating Earth model as w1 (since no azimuthal order need 
be specified, and no prefix is needed as long as we refer only 
to the gravest mode). Then we can identify the Slichter 
triplet eigenfrequencies as OJ;’, oy, m i .  Note that the 
central peak frequency uy differs slightly from ol, by terms 
of order ( i 2 / ~ ~ ) ~ .  

The theory of the Slichter eigenspectrum has been 
addressed by a number of researchers (Busse 1974; Crossley 
1975b; Smith 1976), and Dahlen & Sailor (1979) included 
pS1 ( p  = 1,. . . , 6) in their second-order perturbation 
treatment of the effects of rotation and ellipticity on normal 
mode eigenperiods. Crossley and Smith truncated the chain 
of coupled displacement fields in the OC at T!f, and in the 
solid parts of the Earth at Sy and T!f respectively. Ellipticity 
and centrifugal force (expressed in terms of a rotational 
potential) were taken into account to first order by Smith. 
Dahlen & Sailor’s calculations, carried to (Q/wl)’, show 
that the ellipticity and rotational potential corrections are 
only 8 per cent of those for the Coriolis effect in shifting the 
central peak of the Slichter triplet, and change the splitting 
by only 1 per cent. 

It seems reasonable, therefore, to ignore ellipticity and 
the rotational potential, i.e. to regard the Earth as 
spherically layered, in order to concentrate on improving the 
calculation of the effect of Coriolis coupling on the Slichter 
eigenperiod. Such coupling, between displacement fields of 
different degree, is significant principally in the OC, simply 
because it lacks rigidity. Therefore in the mantle and IC, we 
take the Coriolis effect into account only insofar as it 
produces additional spheroidal field of the same degree 
(‘self-coupling’) and ignore the toroidal displacement fields 
generated by Coriolis coupling. 

In this paper we show that a variational principle 
(Rochester 1989) based on the subseismic approximation 
(Smylie & Rochester 1981), and taking into account the 
deformable ICB and CMB, permits a reliable calculation of 
the Coriolis effect on the eigenperiods of the Slichter triplet 
for the rotating, but spherically layered, Earth (Rochester & 
Peng 1990). As we stressed in the latter paper (see also Peng 
1990), a vital feature of these computations is the 
recognition that the load Love numbers of degree 1 which 
incorporate deformation of the OC boundaries are 
frequency dependent (very strongly so at the ICB). We also 
comment on some shortcomings of the subseismic 
approximation (SSA) which have become apparent as a 
result of these calculations. 

2 THE SUBSEISMIC APPROXIMATION 

The computational difficulties arising from the 
spheroidal/toroidal representation of free-oscillation dis- 
placement fields in a rotating Earth motivated Smylie & 
Rochester (1981) to introduce an approximation, then novel 
to solid-Earth geophysics, which we called ‘subseismic’ 
because of its apparent applicability to low-frequency Earth 
vibrations hitherto largely ignored in conventional seismol- 
ogy. Much like the ‘deep convection’ approximation in 
meteorology, the SSA consists in neglecting the effect of the 
Eulerian flow pressure on compression in the OC, in 
comparison with that of transport through the equilibrium 
pressure gradient. The SSA is less restrictive than the 
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traditional Oberbeck-Boussinesq approximation, since it 
removes the acoustic modes while retaining such essentials 
as rotation, compressibility, self-gravitation and non-neutral 
non-spherical stratification. An attractive feature of the SSA 
is that it appears to reduce the entire free-oscillation 
problem from the simultaneous solution of a fourth-order 
coupled system of partial-differential equations in four 
variables, to the solution of a single second-order 
partial-differential equation in one scalar variable, the 
subseismic wave equation (SSWE). 

For ease of reference, we reproduce here the governing 
system of partial-differential equations for free oscillations 
of the liquid OC, referred to a frame rotating steadily with 
angular velocity The undisturbed Earth is taken to be 
at rest in this reference frame, and in that configuration the 
relevant physical properties of the OC are density pO, 
compressional wave speed a and gravity &=VW,. The 
density gradient 

where the stability parameter p (Pekeris & Accad 1972) 
measures the departure of the density profile from neutral 
(adiabatic) stratification. Dissipative mechanisms are ig- 
nored. In vibration at angular frequency w the relevant field 
variables are the Lagrangean displacement u, and the 
Eulerian perturbations in density ( p l ) ,  pressure (p l )  and 
gravitational potential ( Vl). These six variables are governed 
by six equations which express, respectively, the conserva- 
tion of momentum, mass, entropy and gravitational flux. 
With time dependence separated by writing any field 
variable 

W(r, t )  = %zp [Y(r)ei“‘] 

02u - 2iwQ6, x u = vx + ~ g o V  - u 

v * ( P o d  = -PI 

(3) 

(4) 
( 5 )  

these equations can be written 

V2V, = - 4 l ~ C p  I (7) 
where for later convenience we have defined the scalar 

Invoking the SSA means neglecting the term involving p1 
in (6) (but not ignoring flow pressure entirely!). The 
resulting equation of state can be written in the form 

v * (fu) = 0 (9) 
(Rochester 1989) using the factor 

introduced by Friedlander (1988). Substituting (9) into (4) 
and into (7), having eliminated p ,  from the latter using ( S ) ,  
we obtain the decoupled momentum and Poisson equations 
w2( ( r2  - i ) ~  = r . vx (11) 

1 2  P 1 
4ZGPo a B 

v V , = - , u . & = - C . V ~ .  

Slichter modes of the rotating 

For brevity in writing ( l l ) ,  (12) we define 

w u=- 
2Q 

rp  = u21 - C3S, + i&, x 1 

The partial differential equations (9), (11) and (12) govern 
the subseismic description of core dynamics. Once they have 
been solved we can obtain p ,  from (S), and p,  from the 
result of combining (5) and (9). By substituting (11) into (9), 
we achieve further decoupling and arrive at the SSWE 
(Rochester 1989): 

K X  = v  ’ (fr * vx) =o. (18) 
For later use we note that in a neutral OC, by comparing 

(2) and (lo), we find 

(19) 
f=- Po 

po(a+) ’  

When the OC lacks stratification r reduces to rp. In 
addition we observe that (18) reduces to the PoincarC 
equation if the OC is incompressible. 

3 ELASTIC BOUNDARY CONDITIONS AT 
THE ICB A N D  CMB 

The presence of the deformable ICB and CMB imposes 
certain continuity conditions on the field variables describing 
free oscillations of the liquid OC. In a spherically layered 
Earth, these boundary conditions can be expressed via 
internal load Love numbers, which describe the full dynamic 
response of the IC or mantle to displacement, stress, 
gravitational potential and flux at the liquid side of an OC 
boundary. These are readily calculated by minor adjust- 
ments to a standard free-oscillation routine, with integration 
from the centre of the Earth started according to the 
prescription of Crossley (1W5a). Although Smylie, Szeto & 
Sat0 (1990) discuss the method for obtaining these internal 
Love numbers, we disagree on two counts with the way 
these authors have implemented them, so for clarity we here 
reproduce the essential steps in calculating the necessary 
Love numbers at the ICB and CMB. 

In the IC and mantle we adopt the conventional spherical 
harmonic representation of the field variables associated 
with a spheroidal normal mode of degree n (Alterman, 
Jarosch & Pekeris 1959), so that the radially dependent 
factors in the degree n contribution to the radial and 
transverse components of displacement u are y ,  and y , ,  to 
normal and transverse stress across a spherical surface are y,  
and y,, and to V, and the associated gravitational flux are y,  
and y,. The sixth-order system of ordinary differential 
equations governing the AJP variable y,(r)  of degree n can 
be written 

(i = 1, . . . ,6). Our notation recognizes that the presence of 
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inertial terms in the equation of momentum conservation 
makes some of the coefficients A ,  explicitly dependent on 
frequency (Crossley 1975a), and Coriolis self-coupling terms 
will make some of them dependent on azimuthal order m 
(Crossley & Rochester 1980). As is customary, however, we 
allow the dependence of yi on n, m to be understood. In the 
mantle the general solution for the radial eigenfunctions of 
the degree n spheroidal mode is provided by linear 
combination of the six fundamental solutions of (20): 

(i = 1, . . . ,6). The column matrix yj is the jth fundamental 
solution of (20) corresponding to the starting values 
qj(b,  n, m, w )  = 8, at the CMB (radius 6 ) .  The boundary 
conditions governing the yi at the Earth’s outer surface 
(radius R )  can be written 
6 

c,Y,,(R, n ,  m, w )  = 0 

2 C~Y,,-(R, n, m, w )  = o 
j =  I 

6 

j =  I 

Y5j(R, n, m, w ) ]  = 0. 
tn + 1) 5 c,[ Y , ( R ,  n, m, w )  + - 

) = I  R (24) 

At the CMB y,  (and thus c,) vanishes for an inviscid OC, 
and y , ,  y,, y, and y6 are continuous. In the liquid OC we 
write the spherical harmonic representation of the scalar 
potential 

Using the definition (8) and the exact form of the equation 
of state (6) we can invoke the continuity of y l ,  yz and y ,  to 
write 

The continuity of y ,  and y ,  yield 

The five equations (22)-(24), (26)-(27) are solved to give cj 
( j  = 1,2,3,5,6) as the linear combinations of xy  and dy,/dr 
on the liquid side of the CMB. In particular 

Here our notation emphasizes the dependence of the 
dimensionless Love numbers h . . . , k, on the particular 
solid/liquid interface, on the degree n and azimuthal order 
m, and on frequency. By replacing (22)-(24) with the 
regularity conditions at the geocentre (which mean that only 
three fundamental solutions propagate through the IC), a 
corresponding set of four Love numbers can be defined at 
the ICB. 

4 DYNAMIC VERSUS STATIC LOAD LOVE 
NUMBERS 

We have been at pains in Section 3 to emphasize that the 
load Love numbers, used to take into account the 
deformation of the inner core and mantle in response to 
disturbances of the liquid OC, are in principle frequency 
dependent. Indeed, because these Love numbers represent 
the response of a dynamically isolated subsystem of the 
Earth (either the IC or the mantle) subject to prescribed 
loads at its boundary, they will exhibit resonances at the 
eigenfrequencies characteristic of that subsystem. A similar 
point was demonstrated by Pekeris & Accad (1972) for the 
Love numbers describing the tidal response of the whole 
Earth with a stably stratified OC. For deformations of 
degree 2 2 the rigidity of the solid parts of the Earth sets 
their vibrational resonances at periods much shorter than 
1 hr, and little error is incurred by treating the response of 
the IC and mantle, to long-period disturbances of this zonal 
character from the OC, as essentially static. 

Arguments based on the effect of rigidity led Smylie et al. 
(1990, p. 186 and Table 2; 1992, Table 1) to regard static 
load Love numbers as adequate for the description of core 
dynamics, but this is emphatically not true for the Love 
numbers of degree 1, especially at the ICB (Peng 1990; 
Rochester & Peng 1990; Crossley, Rochester & Peng 1992). 
Gravitation, rather than elasticity, is the dominant restoring 
force for degree 1 deformations of the IC, and as a result the 
corresponding load Love numbers display a long-period 
resonance. The influence of a Love number resonance on a 
particular normal mode is to signal, by its location in 
frequency space, whether or not it is important to take into 
account inertial (including Coriolis self-coupling) effects in 
the solid parts of the Earth when computing the 
eigenfrequency of that mode. It is because the degree 1 ICB 
Love number resonance has such a low frequency that the 
Love numbers at the Slichter period (which is not far from 
that resonance) are highly frequency dependent, even for a 
non-rotating Earth model. A simple analytic demonstration 
of the existence of this resonance, and its important 
influence on the Slichter period, is given in the Appendix. 

The load Love numbers of degree 1 at the CMB also show 
a resonance of fairly long period. Table 1 gives the locations 
of the resonances of the ICB and CMB Love numbers. with 

Table 1. Resonance periods (hr) of degree 1 load Love numbers for 
PREM with neutral OC. 

Coriolis self-coupling 

Non-rotating included 

m = -1 m = O  m = +1 

ICB 4.56962 5.52462 4.56962 3.77971 

CMB 1.02800 1.06281 1.02800 0.99444 
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and without Coriolis self-coupling taken into account, for 
PREM modified as described at the beginning of Section 7. 

Self-coupling, as a direct modification of the inertial force 
in a free oscillation, clearly has substantial effects on the 
Love numbers at periods not far from these resonances. 
However, in the solid Earth, rigidity vastly reduces the 
effects of coupling to v, and the latter changes the Love 
numbers by no more than 0.0001 per cent. We therefore 
take only self-coupling into account in computing the ICB 
and CMB Love numbers as functions of frequency. 

5 A VARIATIONAL PRINCIPLE FOR THE 
SUBSEISMIC WAVE EQUATION 

In a non-rotating Earth model free-oscillation eigenprob- 
lems are conventionally solved by direct integration through 
the Earth of the coupled differential system governing the 
AJP field variables. As long as the Earth model retains 
spherical symmetry, identical results are obtained, and a 
small gain in accuracy achieved, when the required ICB and 
CMB load Love numbers are computed first, followed by 
direct integration of the fourth-order differential system 
across the liquid OC. This application of the load Love 
numbers can be maintained even in a rotating (but still 
spherically layered) Earth model as long as only 
self-coupling is included in the IC and mantle, with full 
Coriolis coupling taken into account only in the OC. If the 
chain (1) is truncated at STN-,  the coupled system of 
ordinary differential equations to be integrated across the 
OC is of order 4N. 

An appealing alternative to direct integration of the 
governing differential equations is a variational calculation 
using appropriately selected trial functions. A functional 
involving the two scalars x and V, can be constructed to 
yield a variational principle for dissipationless core dynamics 
without approximations (Wu & Rochester 1990), but a 
variational principle for the SSWE alone, i.e. based on a 
functional of x only, presents some difficulties (Rochester 
1989). 

We start with the functional 

By using the divergence theorem, the Hermitean property of 
r, and ( l l ) ,  we can show that 6F,, the first variation in F,, is 
given by 

6 4  - lo, ( S X * K X  + c.c.) dV 

(with ii the unit normal pointing out of the OC). Note that 
in writing (31) we have taken advantage of (11) in the 
surface integrals, but have nowhere appealed to (9). From 
(31) it is clear that making F, extremal for 6 x  arbitrary in 
the OC is equivalent to satisfying the SSWE if the core 
boundaries are rigid. We must now modify 4 to 
accommodate the appropriate continuity conditions at the 
deformable OC boundaries. Clearly this will involve adding 
to F, surface integrals with ii - u in their integrands. 

With the assumption of spherical boundaries 
m 

ii - u = +? * u = f C y l (r )Y;(e ,  4) 
n=lml 

on the CMB and ICB respectively. The Love number 
formalism of (28), and its equivalent at the ICB, should 
therefore in principle enable us to incorporate the 
appropriate boundary conditions by adding surface integrals 
to Fl so as to create a new functional F. However, this 
program presents us with two difficulties: 

(a) the presence of terms in dy,/dr at the CMB and ICB 
will in general prevent the resulting functional F from being 
a functional of x only, and would appear to defeat the object 
of the SSA, which is to reduce the core-oscillation problem 
to one requiring solution of the SSWE before, rather than 
simultaneously with, the Poisson equation. 

(b) The usual application of a variational principle 
involves trial functions which, though arbitrary in the OC, 
are chosen so as to satisfy the boundary conditions at the 
ICB and CMB a priori. That it is not easy to construct such 
trial functions for x is apparent from (12), which yields for 
the LHS of (32) the very complicated expression 

(33) 

We deal with these difficulties in turn. 
In their variational formulation of this eigenvalue problem 

Smylie et al. (1990, 1992) replace the terms in dy,/dr in (28), 
and its equivalent at the ICB, by applying the SSA to the 
boundary conditions themselves, i.e. to the OC liquid right 
at the ICB and CMB. Numerical tests by Crossley & 
Rochester (1992) show that even for the Slichter mode the 
SSA fails near the CMB (though it is very good in the 
interior of the OC). The great rigidity of the mantle means 
that the radial displacement of the CMB is much smaller in 
magnitude than the scaled flow pressure just below the 
CMB, which violates the basic inequality required for 
validity of the SSA. Thus it seems to us inappropriate to 
apply the SSA at the OC boundaries. Without some such 
approximation, however, the coupling of x and V, at the 
ICB and CMB prevents the construction of a variational 
principle for the SSWE alone (Wu & Rochester 1990). 

We propose to bypass this difficulty, which arises when 
deformable boundaries are considered, by restricting 
application of the SSA, in the interior of the OC, to the case 
of a neutrally stratijied OC. Then the SSA enables us to 
solve the Poisson equation independently, because it 
reduces the latter to the Laplace equation, as is evident from 
(12). In other words, the SSA implies that in a neutral OC 
the sources of V, are relegated to the boundaries. 

In the OC therefore we write 

y,  = A /  + B,r-("+') (34) 

and solve for A,, B, by applying (29) at the CMB and its 
equivalent at the ICB. Then (34) is used to get dy,/dr at 
each boundary as a linear combination of x: at both 
boundaries. For the sake of brevity we shall henceforth, 
where necessary, suffix the radius r by i = 1 , 2  according as 
we are at the ICB, CMB respectively. The net result of our 
application of the SSA is to replace (28), and the 
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corresponding condition at the ICB, by 
2 

go(ri)Yl(ri) = C eYn(ri9 0, r j l X X 5 )  (35) 
j = 1  

where the four dimensionless coefficients eTn(ri, w, rj) 
constitute effective Love numbers for describing the 
influence on y l ( r , )  of the load x,"(rj). 

Omitting algebraic details, 
a n-1 

eyn(ri, w ,  ri) = hy,,(ri, w ) s i j  + n(n + I)( -) b 

(36) 

where A is the determinant of the matrix with elements 
2 Z n + l  

+ n(n  + 1)kTn(rp, w )  [ 1 - (:)"+111* (37) 

Note that these effective Love numbers will exhibit 
long-period resonances at frequencies different from those 
of the ICB and CMB load Love numbers separately (Table 
2). Our notation emphasizes the necessity to compute these 
effective Love numbers as functions of frequency, at least 
for degree 1. 

Having expressed the necessary boundary conditions 
entirely in terms of x, we turn to the difficulty with 
constructing trial functions so as to satisfy those boundary 
conditions in advance. The key to removing this difficulty 
iies in the fact that boundary conditions on 5 - u  are 
so-called 'natural' boundary conditions for the subseismic 
operator K ,  i.e. by adding the appropriate surface integrals 
we can arrive at a functional F such that both the SSWE and 
the boundary conditions at the ICB and CMB will be 
satisfied by that choice of x which makes F extremal when 
the first variation of x is allowed to vary arbitrarily on the 
boundaries of, as well as within, the OC. The computational 
advantages of being free to choose trial functions which 

Table 2. Resonance periods (hr) of effective Love numbers of 
degree 1 for PREM with neutral OC. 

Coriolis self-coupling 

Non-rotating included 

m = -1 m = O  m = + 1  

5.04588 6.22055 5.04588 4.09303 

4.20360 5.00623 4.20360 3.52967 

need not a priori satisfy complicated boundary conditions 
are evident. 

We construct the new functional F by (a) replacing r by 
rp, given by (15), and f by (19), and (b) adding to 6 the 
terms 

where Y is some scalar function. Then for variations of x, Y 
which are arbitrary in the OC and on its boundaries, we find 
(after some algebra, and utilizing the orthogonality 
properties of spherical harmonics) that if we choose 

then 

(39) 

6F - j0, (SX*KX + c.c.) dV + w 2 ( d  - 1 )  

m 

X {6xr*(rj)[LHS (35) - RHS (35)] + c.c.} 
n=lml 

x [WYa)x,"*(b)  - ~x:@)x,"*(a) l .  (40) 

By examining (36)-(37) we see that the quantity in 
parentheses on the RHS of (40) is proportional to 
x(b) -x(a) ,  where 

By computing the pertinent Love numbers we can show that 
x(b) -x(a)  vanishes to within 1 X lop6, an error much less 
than that of the SSA itself. We conclude that that choice of 
x, unconstrained in advance by the boundary conditions, 
which makes F extremal will satisfy both the SSWE and the 
relevant boundary conditions. 

Using (39) and applying the divergence theorem to 6 ,  we 
find the most convenient form of F, in which the volume 
integral requires only first-order derivatives of x: 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/113/3/575/580737 by guest on 19 M

ay 2023



Slichter modes of the rotating Earih 581 

6 TRIAL FUNCTIONS A N D  THE 
EIGENFREQUENCY CONDITION 

We invoke the variational principle based on (42) using trial 
functions of the form indicated by (25): 

(43) 

(44) 

In writing (43) we have taken advantage of the fact that x is 
a spheroidal scalar, so the Coriolis coupling adds only 
odd-degree harmonics to the fundamental degree 1 field. 
This economizes the computation necessary for a given level 
of truncation, measured by the index N. Each spheroidal 
displacement field added to the chain (1) extends the 
coupling by a factor ( R / o , ) ~ ,  so the representation (43), 
with truncation at degree 2N - 1, corresponds to taking into 
account Coriolis coupling effects in the OC to order 2N - 1 
in Q / w .  

Guided by the results in the Appendix we set dpn = 0 
when p = M, M + 1 so as to exclude the corresponding 
powers of r. Without loss of generality we can assume the 
coefficients dpn to be real, and replace them by single-sufi 
coefficients ck according to the 1-1 correspondence 

dpn = ‘k 

k = p  + 2 ( M  - l)(n - 1) p = 1,. . . , M - 1 (45) 
= p  -2+2(M - l)(n - 1) p = M  +2 , .  . . ,2M. 

There are thus 

2(M - l)N = K (46) 

coefficients ck in our trial function. 

reduces to the quadratic functional 
When (43), (44) are substituted into (42) the latter 

K K  

F =  2 C ckclGkl (47) 
k = l  1=1 

where the square matrix G has K rows and columns. 
Implementing the variational principle means that F must be 
extremal for arbitrary ck. This requirement yields a set of K 
equations linear and homogeneous in the ck: 

I=1 . 
(k = 1, . . . , K) where H i s  a symmetric matrix with elements 

Hkl = ktGk1 + GIk) .  

det H = 0. (50) 

(49) 

The set (48) has a non-trivial solution only if 

The vanishing of this K X K determinant is the condition 
which determines the Slichter eigenfrequency for each 
choice of azimuthal order m. To each value of w satisfying 
(50) corresponds a set of c, satisfying (48), and these 
determine the ejgenfunction x for that value of m. 

7 COMPUTED SLICHTER TRIPLET 
EIGENPERIODS 

We use the Preliminary Reference Earth Model (PREM, 
Dziewonski & Anderson 1981), for which the ICB density 
jump lies in the range preferred by the free-oscillation data 
examined by Shearer & Masters (1990). In this study we also 
take advantage of the fact that PREM physical properties 
are given as polynomials, a feature which permits analytic 
integration of the volume integral in (42), though with 
somewhat less precision than would have resulted from 
using the PREM data tabulated at discrete radii. To avoid 
unnecessarily complicating the mantle integration for Love 
numbers we use the isotropic mantle version of PREM and 
replace the fluid layer at the outer surface of PREM by a 
solid layer conserving mass, moment of inertia and P-wave 
transit time. The effects of the latter approximation on the 
CMB Love numbers are negligible for our purposes. Also, 
for reasons explained in Section 5, we modify the OC 
density profile (which for PREM is nearly neutral) to one 
more exactly neutral (]PI < 1 X but preserving the OC 
mass. 

The range of periods T from 1 to 10 hr was searched for 
zeroes of det H for each value of m, for a range of values of 
M, N up to 12, 4 respectively. Spurious zeroes of d e t H  
(which is obviously a complicated function of frequency) are 
thrown up by the intrinsically approximate character of the 
variational calculation, and by the SSA itself (cc section 8). 
However, the correct zero can be identified unambiguously 
by tracking it from the known eigenfrequency for a 
non-rotating Earth model, as the rotation rate R is gradually 
increased from zero to its full value. To do this we need only 
replace (42) by Q2F. Table 3 displays the Slichter 
eigenperiods so computed. 

The period 5.41190 hr for the non-rotating Earth model 
was checked by a direct integration of the governing 
equations, which yielded an identical value when the SSA 
was invoked, and 5.41308 hr when no approximation was 
made. The error incurred by using the SSA to calculate the 
Slichter period is 0.02 per cent for a non-rotating Earth 
model, and even less when rotation is taken into account 
(Wu & Rochester 1992). 

The sensitivity of the Slichter period calculation to the O C  
density profile is indicated by the fact that the period 

Table 3. Slichter eigenperiods (hr) for PREM with neutral OC, 
computed using the SSA and a variational principle. The trial 
function for x is constructed from 2(M - 1) direct and inverse 
powers of radius, and from spherical harmonics to degree 2N - 1. 

Non-rotating 5.41 190 

Rotating m = - 1  m = O  m = + 1  

N = 2, M = 3 5.96971 5.30168 4.75933 

N = 3, M = 6 5.96972 5.30168 4.75936 
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5.41308 hr obtained by direct integration across a PREM 
like but neutral OC increases by 0.14 per cent (to 
5.42050 hr) when the published PREM OC density is used. 

It seems clear from Table 3 that adequate convergence to 
a reliable eigenperiod for each member of the Slichter 
triplet is achieved by taking N = 2, i.e. extending Coriolis 
coupling of spheroidal field in the OC no further than Sy, 
which is a factor 5210, beyond the calculations by Dahlen & 
Sailor (1979). Note, however, that the latter authors took 
coupling to into account in the solid parts of the Earth, 
but we have not. Also we emphasize that the degenerate 
perturbation theory of Dahlen & Sailor takes ellipticity into 
account, but our treatment, using Love numbers to 
represent the response of the solid parts of the Earth, 
cannot do so. We return to this point in Section 8. 

The splitting relation anticipated by Busse (1974) is 
satisfied: 

W : < ; ( o ; '  + w : > .  (51) 

i(oF' + m y +  w : )  = 1 . 0 2 1 4 9 ~ ~  (52) 

Also 

so the diagonal sum rule is violated, as found earlier by 
Smith (1976). 

While this paper was being completed, Smylie (1992) 
published his claim to have discovered the Slichter triplet in 
stacked super-conducting gravimeter data. Crossley et al. 
(1992) point out that even for a non-rotating Earth model 
his theoretically computed eigenperiods are shorter than 
those reported here by roughly 40 per cent and the Coriolis 
splitting of the triplet itself narrower by 60 per cent, because 
he did not take into account the strong frequency 
dependence of the degree 1 load Love numbers (cf. 
Appendix). We note also that Smylie seems to have 
switched the retrograde/prograde classification: in his 
terminology the corresponding periods are longerbhorter 
than that of the axial mode, whereas the reverse is expected 
on simple physical grounds. 

8 SHORTCOMINGS OF THE SUBSEISMIC 
APPROXIMATION 

As detailed in Section 5, the SSA does not lead to a 
complete decoupling of x from V, when the OC boundaries 
are deformable, and this prevents the formulation of a VP 
based on a functional of x alone, except when we take the 
OC as neutrally stratified. However, in that case it appears 
that the variational calculation based on the SSA leads to 
reliable estimates of the Slichter eigenperiods for a rotating 
spherically layered Earth model, even though the SSA 
effectively drops all the high-frequency resonances respon- 
sible for the acoustic spectrum. 

The resonances exhibited by the effective Love numbers 
defined by (36)-(37) show up as poles of detH, as 
mentioned in Section 7, and can be easily distinguished from 
the roots of that quantity. Spurious zeroes of det H can be 
identified by their occurrence even when we set Q = 0 in the 
functional R2F (when they are located at periods 5.0459 hr 
and 5.7648hr) and can be tracked as the rotation rate is 
increased to its actual value. The first of these false zeroes 
appears to arise from the approximate character of the 
variational calculation itself. The second spurious zero is an 

artefact of the SSA. A solution by direct integration of the 
governing equations for a non-rotating Earth model shows 
that this latter root is absent when the SSA is not invoked 
but gradually makes its way down from a very long period to 
5.7648hr as the SSA is turned on (by allowing a factor, 
which multiplies terms dropped from the governing 
equations in the SSA, to shrink from 1 to 0). 

It is only to be expected that invoking the SSA will lead to 
some difficulties with solution, since the SSA creates a 
singular perturbation problem. This point can readily be 
demonstrated by considering the simple case of a neutral 
OC. Wu & Rochester (1990) show how our system of 
governing equations (4)-(7) can be reduced to a pair of 
coupled second-order partial differential equations in x, V, 
with x given by (8). When p = 0 these take the form 

v - (porp. vx) = - s ~ ~ ( ~ ~  - i ) (x  + v,) (53) 

w2((a2 - l)V2V, = 4zGV ( p J P  * Vx) (54) 

where the factors is 0 or 1 according as the SSA is, or is not, 
applied. Eliminating first V,,  then x, we arrive at two 
decoupled fourth-order partial differential equations: 

(55)  

(56) V * [pJP - V(V2 + 4l~Gs)vJ = -so2(a2 - l)V2V,. 

Thus the effect of the SSA is to replace (55 )  by the SSWE 
(18) with f given by (19) and r p  instead of r, and to replace 
(56) by the Laplace equation, i.e. to replace two 
fourth-order equations by two of second order. Even though 
continuity in all the appropriate yi was invoked to compute 
the load Love numbers at the ICB and CMB, we imposed 
only continuity in y ,  to solve (18), and required only 
continuity in y ,  to determine the coefficients in (34). The 
point is no less valid in the more complicated situation of a 
non-neutrally stratified OC. 

That the SSA fails badly near a boundary which does not 
move much (e.g. here the CMB) was shown by Crossley & 
Rochester (1992). This fact, together with the singular 
perturbation character of this approximation, suggests that 
the SSA should be applied only in the interior of the OC, 
with the solutions there matched to exact solutions in some 
sort of boundary layer. Clearly this would largely vitiate any 
utility of the SSA in reducing mathematical labour. 

The most troubling aspect of the SSA may well be related 
to omitting thus to take into account its singular 
perturbation character. Once the eigenperiod is found, 
eigenfunctions can be constructed in the OC as described at 
the end of Section 6. Using the ordinary load Love numbers 
at the CMB together with the effective Love numbers, the 
solutions can be continued into the mantle and the mantle 
eigenfunctions calculated. Crossley has recently shown that 
these mantle eigenfunctions display two disturbing features: 
y ,  is about twice as large as it should be, and u is reversed in 
sign from the correct motion. Thus the SSA (at least as we 
have here invoked it) seems to lead to a failure of 
momentum conservation across the CMB. 

Crossley & Rochester (in preparation) explore the 
shortcomings of the SSA in more detail. Meanwhile we 
conjecture that the best use of the SSA may be to find a 
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close approximation to the  eigenperiods of long-period 
modes in the rotating Earth, which can then be used as 
starting solutions for an exact calculation of the eigenvalue 
problem from the full description of core dynamics based on 
the two scalar potentials x, V, (Wu & Rochester 1990). 

Finally, we emphasize that although the method adopted 
in this paper is successful in taking Coriolis coupling 
sufficiently into account t o  permit reliable calculations of 
Slichter eigenperiods of a rotating spherical Earth model, its 
reliance on Love numbers renders it incapable of dealing 
with ellipticity. It remains t o  be seen which of several 
possible methods will be optimal for computing Slichter 
eigenperiods for the rotating elliptical Earth: an extension of 
the degenerate perturbation theory of Dahlen & Sailor 
(1979) to  higher order in rotation and ellipticity, 
implementation of the full variational principle (Wu & 
Rochester 1990) with elliptical stratification, or direct 
integration of the governing system of differential equations 
coupled by rotation and ellipticity to  higher order (Smith 
1974, 1976). 
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APPENDIX. SIMPLE MODEL FOR THE 
SLICHTER MODE A N D  ICB LOVE 
NUMBERS 

Consider a degree 1 free oscillation of frequency w in a 
non-rotating Earth model, with the IC treated as a 
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homogeneous rigid sphere of radius a and density pIc, and 
the OC immediately surrounding it of density vpIc In the 
IC the relevant AJP field variables depend on two 
independent constants A, E:  

To fix ideas, calculate wLr using the mean density of the 
PREM IC (12.8936 g cm-'), the density just above the ICB 
in the modified PREM with neutral OC (12.1626 g ~ m - ~ ) ,  
and the PREM value of y =3.60237X 10phs-2. The 
resonance period 2 ~ / w , ,  is 4.2479 hr. 

Even a crude extension of this simple model can help us 
to understand the role which this resonance plays in the 
dynamics of the Slichter mode. Following Slichter (1%1), 
suppose the mantle is regarded as rigid and fixed, and the 
entire OC is treated as an incompressible liquid with the 
same density as it has just above the ICB. Since the mantle 
is treated as if its mass is infinite, then as the IC translates, 
all the motion necessary to keep the Earth's centre of mass 
fixed takes place as return flow in the OC. The governing 
equations of that flow are 

0'11 = vx, v * u = 0, V'V, = 0. (All) 

y , = y j = A ,  y5=Er,  y6=E-3yA ('41) 

where for brevity we define 

y = $ K G P , ~ .  (A2) 

The boundary conditions on y ,  and y ,  together yield 

E - 3y(l - v)A = (-) dY5 . 
dr r=a+ 

The other boundary condition will relate A, E to xl(a+), 
where degeneracy allows us to drop the superscript denoting 
azimuthal order, i.e. to write The first two members of ( A l l )  indicate that x is 

harmonic. The degree 1 solutions in a < r < b are therefore 
of the form X(r )  = X l ( r )  cos 8. ('44) 

To arrive at this boundary condition we need only frame 
the equation of momentum conservation for the rigid IC, 
taking into account its displacement u in the equilibrium 
gravity field, and the additional stress T applied to its 
surface by the liquid OC as a result of its displacement: 

D' 
Xl(r )  = C'r + - 

r2 

-w2lCpIcudV = I,, f -TdS+lcpIcV(V,  - yr.u)dV. F' 
y, = E'r + - 

r2 

For the chosen Earth model V, has no sources outside the 
ICB, so E' vanishes. 

Using (A13)-(A14) to express the boundary conditions at 
the ICB in terms of the load Love numbers given by (A9), 
we have 

From (Al) we can substitute 

u = AV(r cos O), V, = Er cos 8 (A6) 

and from (6), (8) we find that just above the ICB 

3 * T =  -(pl  + Y ~ ~ ~ U * ~ O ) ?  

= -vp& + v, + u - go):. 
Using the gradient theorem, substituting (A4), (A6) and 
(A7), and invoking continuity on V, and u - %, we obtain the 
boundary condition sought: 

where from (A12) ( ~ - v ) ( E - ~ A ) + w ~ A = v - .  X l ( a + )  

U D '  
C'a + 7 y  = X l ( U + ) .  

U Solving (A3), (A8) for A, E and incorporating the results 
into the expressions analogous to (28), (29) for y,, y, at the 
ICB, we obtain the load Love numbers The remaining boundary condition is applied at the CMB, 

where y1 vanishes. Using (A13) this becomes 

Eliminating C', D', F' from (A15)-(A18) and requiring 
that ~ , ( a + )  be non-zero we arrive at the expression for the 
Slichter eigenfrequency of this simple Earth model: 

w 2  = &(l+ v)-' (A19) 

where the resonance frequency wL, for this rigid IC model is 
given by 

w:, = y(l  - v)(3v - 2). ('410) 
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where for brevity we write 

V 
u:= y v ( 1 -  v )  

3 ~ - 2  

v = ; v 1 + -  ( ;3)( 1 - -  ;:))I . 

Note that the predicted Slichter period is inversely 
proportional to (1 - v)-'", as anticipated from the simple 
pendulum argument given in Section 1. With the modified 
PREM values used previously to calculate wLr, the Slichter 
period for this model is 4.9380 hr. 

From (Al),  (A14) and the continuity of y ,  it is clear that 

Substituting this into (A3) we obtain E in terms of A, and 
thus can write the left-hand side of (A8) as 

(w' - wS.)A. ('423) 

Setting the right-hand side of (A8) to zero is equivalent to 
assuming that the only restoring force acting on the 
displaced IC is gravitational, due to the density jump at the 
ICB. From (A23) the Slichter eigenfrequency would then be 
us, which is very close to wLr when the density jump is 
small. The dynamic pressure exerted by the liquid OC as the 
IC pushes on it, expressed by the right-hand side of (A8), 
provides an additional restoring force which can be 
interpreted as increasing the IC mass by the factor 7. It is 
this effect which moves the actual Slichter eigenfrequency 
away from ws, i.e. away from such extremely close 
proximity to the resonant frequency of the ICB load Love 
numbers of degree 1. 

If the load Love numbers given by (A9) are replaced by 
the corresponding static values, a little algebra shows the 
resulting Slichter eigenfrequency will be given by 

v(1- v) 
17 

implying a period of 2.9151 hr, 40 per cent shorter than the 
correct value for this simple Earth model as given by (A19). 
This demonstrates how serious an error is incurred by taking 
the static degree 1 load Love number at the ICB, i.e. by 
regarding wLr as infinitely large. 

The analysis leading to (A9)-(A10) can be extended to 
the case of a homogeneous elastic IC (with seismic wave 

speeds a, B )  in a rotating Earth, by suitably modifying the 
work of Pekeris & Jarosch (1958), as reproduced by 
Lapwood & Usami (1981, pp. 87-88,219-220), so as to take 
into acount Coriolis self-coupling. Since the algebra is heavy 
(Peng 1990) we present only the final result: 

1 w ( w  - 2mR) + 2y 

where the dimensionless quantity 

represents the effect of elasticity in the IC, and 

In arriving at (A25) the only approximation made is to 
replace the ratio of spherical Bessel functions 

where pi is one of the roots of a quadratic which, for R = 0, 
is the equivalent (in our notation) of Lapwood & Usami's 
eq. 5.2.12 for degree 1. It is easy to see that in the rigid limit 
( E +  0 0 )  wLe reduces to wLr, and (A25) becomes (A9a). 

For the PREM-like model already considered, suitable 
values are a = 11.100 km s-', p = 3.500 km s-'. The corres- 
ponding resonance period 2a/o,, is 4.6002 hr. The fact that 
elasticity of the IC lengthens the load Love number 
resonance period by only 8 per cent merely emphasizes the 
strong dominance of gravitation over elasticity in the 
translational dynamics of the IC. This simple model also 
shows that Coriolis self-coupling in the IC splits the 
Love-number resonance by 21 per cent for rn = -1 and 17 
per cent for rn = +l. The good agreement between these 
values for the load Love-number resonance periods and 
those computed for a more realistic IC model (Table 1) is a 
result of the near homogeneity of the latter. 
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