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SUMMARY 
A new technique for the simultaneous inversion for three-dimensional (3-D) seismic 
structure and hypocentres (SSH) is developed and validated. The seismic forward 
problem is solved with a new non-linear 3-D ray tracing procedure that includes 
direct (as first or later arrivals), refracted and reflected phases from various crustal 
discontinuities. The non-linear inversion problem is formulated in terms of a 
modified, iterative Levenberg-Marquardt (LM) technique. It is demonstrated that 
this method, in spite of its computational inexpediencies, has various properties that 
make it best suited for the solution of both the general non-linear inverse problem 
(near-quadratic convergence, due to the approximate restoration of the full Hessian 
of the objective function) and its linearized subproblems [where LM is equivalent to 
classical damped least squares (ridge regression)]. Therefore LM is able to play a 
dual role for the optimal regularization (OR) of both the non-linear and the linear 
ill-posed SSH problem. The SSH method is validated through simulated inversions 
of local traveltimes from the Rhine Graben region. The results demonstrate that the 
usual trade-off between focal depths and seismic velocities can be reduced strongly 
through the combined use of all crustal phases. A new non-linear statistical F-test 
shows that the Newton-like LM method gives a quasi-linear ‘appearance’ of the SSH 
problem: i.e. convergence is essentially obtained already in the first iteration. This is 
further confirmed from the results of the OR performed within both the non-linear 
and the linear model space employing the regularization techniques (RT’s) of 
Tikhonov, the ridge regression, the stochastic inverse, the method of Backus & 
Gilbert, and a new method (Backus subjective). Some of these RTs rely on various 
forms of a priori model information so that they can, in principal, be derived from a 
general Bayesian formulation. However, the results of the OR illustrate the 
limitations of this approach, which is attributed to difficulties in specifying the 
appropriate covariance matrices in model and data space and discrepancies between 
the theoretical optimal model and its numerical realization. Therefore, those ORTs 
have been found the most useful, that rely on some form of graphical trade-off 
curves to systematically explore the model and data space. Based on their 
theoretical foundations and practical performances, the ORTs of Backus (subjective) 
and of Tikhonov are being chosen as the reference for the other RTs. Using the 
ORT of Backus, the minimum of the true error (MSE) is computed, after an a priori 
upper bound on the model has been selected. This allows one to estimate the 
statistical bias of the model which is proved to be formally equivalent to the 
resolution error, as epitomized in the Backus & Gilbert formalism. The Tikhonov 
ORT, which is used in its original form (the objective one) and as a new version (the 
subjective approach), allows to constrain best the optimal solution from both the 
model- and data viewpoints. All of the other Bayesian ORT’s and that of Backus & 
Gilbert have not been found satisfactory, because they are not able to delimit the 
optimal model space appropriately. 
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1 INTRODUCTION 

With the ever-increasing availability of more powerful 
computers, tomographic inversion of local seismic traveltime 
data has become a very efficient technique for the retrieval 
of the earth’s 3-D crustal seismic structure. These 
tomographic methods are also known under the name of 
‘simultaneous inversion for seismic structure and hypo- 
centres (SSH)’, because the locations of the local 
earthquakes are usually not known and have to be 
computed simultaneously with the crustal velocity model. 
Since its original conception for vertically inhomogeneous 
(1-D) earth models by Crosson (1976), and for laterally 
heterogeneous (3-D) models by Aki & Lee (1976), SSH 
methods have been applied successfully to the determination 
of crustal and lithospheric structure in many seismically 
active zones all over the world (cf: Koch 1985b; 1993b for a 
review). 

There are essentially three reasons which make SSH 
computationally and theoretically very challenging seismic 
inverse problems. First, the large-scale multidimensionality 
of the SSH problem, which is due to the coupling between 
hypocentres and seismic velocities, poses a tremendous 
computational burden. One procedure to decrease the latter 
has been, for example, to decouple the hypocentres from the 
structure which reduces the dimensions of the matrix of the 
Frkchet-derivatives significantly (Pavlis & Booker 1980; 
Spencer & Gubbins 1980; Hawley, Zandt & Smith 1981; 
Bern & Smith 1984; Kissling 1988; Liu et al. 1990), or the 
use of so-called subspace methods that solve the inverse 
problem as a sequence of smaller problems for a subset of 
the total model vector. (Kennett, Sambridge & Williamson 
1989; Sambridge 1990). Other techniques disregard the 
first-order relocations of the hypocentres in response to the 
lateral velocity pertubations completely (pure seismic 
velocity problem) (cf: Walck & Clayton 1987; Less & 
Crosson 1989; Koch 1993a,b). 

Second, like the majority of other seismic inverse 
problems, SSH is intrinsically non-linear which is primarily 
due to the response of the traveltimes to the hypocentral 
parameters (e.g. Koch 1985b; Sambridge 1990). Conse- 
quently, theoretically one has to employ computationally 
expensive non-linear, interative optimization techniques 
(Gill, Murray & Wright 1980; Fletcher 1987; Tarantola 
1987), rather than the simpler and better understood 
method of linear inverse theory (Aki & Richards 1980; 
Menke 1984) for its solution. However, in cases when the 
initial model is well chosen and is sufficiently close to the 
true minimum of the objective function, a linear or at least a 
quasi-linear treatment of the SSH appears to be vindicated. 
More frequent and more complex situations arise, however, 
where, due to errors in the data and/or insufficient model 
specifications, the theoretical non-linearity of the SSH 
problem is masked to a large extent. This is the numerical 
manifestation of an ill-posed inverse problem. Employing 
non-linear, iterative optimization then would probably 
import no advantage over the use of a more straightforward 

linear inversion technique. On the other hand, Sambridge 
(1990) concludes from a particular application of SSH that a 
linear approach may lead to erroneously excessive 
reductions in the misfit which, on the contrary, are not 
supported by a full non-linear inversion. Although this 
appears to corroborate the theoretical results of Engl, 
Kunisch & Neubauer (1989) who argues that treating a 
well-posed non-linear inverse problem as a linear one may 
convert it to an ill-posed one (the opposite may also occur), 
Sambridge (1990) admits, however, that his conclusions 
cannot be generalized. The present paper series will focus 
on this issue. 

The third and the most complex issue is the ill-posedness 
of the seismic inverse problem which, because of the strong 
trade-off between hypocentres and seismic velocities, is 
particularly pronounced for SSH (Koch 1985b). This means 
that physically meaningful solutions can only be obtained 
after the correct regularization (Tikhonov & Arsenine 
1976), damping, smoothing (Twoomey 1977; Constable & 
Parker 1988, 1991) or any other adequate a priori 
constraining of the inverse solution (Rodgers 1976; Jackson 
1979; Tarantola 1987). However, whereas the concept of 
regularization is farily well understood for linear inverse 
problems (cc Koch 1982, for a review and applications), a 
general theory for the non-linear inverse problem appears to 
be still lacking. This in particular, when one considers the 
issue of finding optimal models (see below). In the special 
case where both data and model spaces can be suitably 
described by appropriate a priori convariance matrices C, 
and C,, respectively, Tarantola & Valette (1982) (cf: 
Tarantola 1987), using a general Bayesian formulation, 
extended the concepts of the linear stochastic inverse (Aki 
& Richards 1980) to the generalized non-linear inverse 
problem. This is somewhat vindicated by the fact that the 
non-linear problem is usually solved through an iterative 
sequence of linear problems for, say hi, using any Newton 
or gradient method (cf: Gill et al. 1980; and Section 2). 
Nevertheless, there is consensus in the statistical community 
that linear techniques for the evaluation of model 
characteristics such as covariance, geometrical resolution 
and statistical bias are valid only in the vicinity of the 
minimum of the traveltime cost or objective function 
(O’Sullivan 1986). An interesting, but relatively unknown 
non-linear inversion approach, which appears to allow the 
simple extension of some of the concepts of linear 
regularization theory (such as the optimality of certain 
trade-off curves), is the so-called method of ‘jumping’ 
solution (cf: Shaw & Orcutt 1985; Scales, Docherty & 
Gerstenkorn 1988). This method solves directly for the new 
updated solution x,+, ,  in contrast to the classical, or 
‘creeping’ solution method above which solves only for the 
increment Axz. 

Employing the concepts of regularization theory allows 
one to address generally the issues of solvability, uniqueness 
and the stability of solutions of ill-posed inverse problems. 
However, to shed light on the controversial issues of 
regularization, it is appropriate to quote Lanczos (1961): ‘A 
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lack of information cannot be remedied by any mathemati- 
cal trickery'. Consequently, although through regularization 
one is able to artificially remove the instabilities of the 
inverse solution, other solution characteristics such as the 
geometrical resolution (Backus & Gilbert 1967, 1968, 1970), 
the statistical bias of the solution (Hoerl & Kennard 1970; 
Koch 1991) and, lastly, the fit of the model to the observed 
data will subsequently be adversely affected. Because of 
these various trade-offs between positive and negative 
solution characteristics the ultimate goal is then the optimal 
regularization to obtain a preferred model, that optimizes 
some of the trading-off solution parameters. 

In the last three decades, several optimal regularization 
techniques (ORTs) have been developed under different 
names, often independently, for the stabilization of ill-posed 
linear inverse problems in various scientific disciplines. As 
has been reviewed by Koch (1992), general estimation 
techniques, such as (1) Tikhonov regularization, (2) 
least-squares collocation, (3) stochastic optimal filtering, (4) 
ridge regression, (5) Bayes estimation, are special variants of 
an ORT. One can also view the (6) Backus & Gilbert 
method and a new technique which is based on a Backus 
(subjective) approach (Koch 1992) as an ORT. Some of 
these techniques have been used in one way or another in 
geophysical inverse problems (Aki & Richards 1980; Menke 
1984; Tarantola 1987) and it can be shown (Koch 1992) that 
some of them are mathematically equivalent and can be cast 
into a unified frame. Nevertheless, because of the different 
viewpoints taken (Menke 1984) in these ORTs, they possess 

relative merits and limitations that make their concurrent 
use recommendable. This has been illustrated by Koch 
(1992) for the ill-posed 3-D teleseismic inverse problem, 
where differences in the optimal solutions obtained by each 
of the ORTs were encountered. However, by careful 
scrutiny, and by objective and subjective evaluation, the 
most consistent optimal range of models could be selected. 
Most of the aformentioned issues have not been sufficiently 
addressed for SSH and leave some doubt as to the reliability 
of many SSH solutions. One of the objectives of the present 
paper is to provide new information on how to better 
evaluate and to assess optimal solutions of the SSH 
problem. 

However, as quoted (Lanczos 1%1), no regularization will 
substitute for insufficient or improper data. One efficient 
way for remedy is to use more than one type of seismic 
phase at a given recording station. Therefore, in contrast to 
previous SSH methods which use essentially only the first 
arrival in the inversion (which is mostly a direct phase or for 
larger epicentral distances a refracted one) in the present 
paper series I will develop (part I) and apply [Koch 1993a 
(part 11) and Koch 1993b (part III)], a new SSH technique 
that uses all possible crustal phases, including direct (either 
as a first or, beyond the critical distance, as a later arrival), 
refracted and reflected phases (Fig. 1). These have been 
recorded and used in the routine relocation of the seismic 
events for the Rhine Graben region (see Fig. 3) and have 
been used for the last two decades (Gelbke 1978; Gilg 1980; 
Bonjer et al. 1985). The analysis of Gelbke (1978) illustrates 
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Figure 1. Reduced traveltime curves for a hypocentre at a depth of 11 km, using the average 1-D crustal velocity model for the Rhine Graben 
area (inner panel). The reduction velocity is 6 km sf'. 
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the tremendous benefit of the simultaneous use all these 
phases have (in excess of their pure statistical value) for 
constraining the focal depths. It is clear that by using 
concurrently direct, refracted and reflected phases; i.e. by 
performing simultaneously transmission and reflection 
tomography (Williamson 1990), the notorious trade-off 
between hypocentral depths and seismic velocities can be 
reduced significantly. A major part of the paper series will 
be devoted to illustrate this. 

The paper is structure as follows: in Section 2 some of the 
mathematical bases of the SSH method and of the new 3-D 
ray tracing procedure will be presented. I will then discuss 
the most salient features of the various ORTs listed above, 
highlighting their most common and distinct characteristics. 
In Section 3 the SSH technique will be validated through 
various numerical models closely mimicking the Rhine 
Graben area. The issue of the non-linearity/linearity of the 
models will be investigated by means of a new statistical 
F-test. The remainder of the paper is then devoted to the 
optimal regularization of the SSH problem using the various 
ORTs discussed. 

2 MATHEMATICAL BASIS OF THE 
INVERSION PROCEDURE 

2.1 Parametrization of the model 

The crust or lithosphere under investigation is divided into 
layers, each of which is separated into a number of 
rectangular blocks whose size can be variable in each layer. 
This allows an optimal adaptation of the model to the ray 
coverage and so allows us to minimize the order of the 
FrCchet matrices. While the block parametrizations are still 
being used primarily in near-surface transmission or 
reflection tomography (Scales et al. 1990; Williamson 1990), 
most of the other SSH techniques in use employ either 2-D 
(Hawley et al. 1981; Thomson & Gubbins 1982; Benz & 
Smith 1984) or 3-D (Thurber 1983; Sambridge 1990) 
interpolative velocity functions at the grid points of the 
model. This has the advantage of smoothing out partly the 
vertical (somewhat) artificial boundaries between the blocks, 
however, at the expense of some possible loss of geometrical 
resolution of the model and the need for a more 
complicated ray tracing procedure than is required for the 
block discretization (see below). As has been pointed out by 
Koch (1985a) and confirmed by Scales et al. (1990) an ideal 
tomographic inversion should impose as little a priori 
regularity on the model as possible, leaving it up to the a 
posteriori regularized solution to put physical structure into 
the model. It appears that a finely discretized block model is 
best suited for this purpose. 

2.2 3-D ray tracing 

The seismic forward problem is solved through 3-D ray 
tracing. The general expression for the seismic traveltime T 
is 

where v(x,  y ,  z )  is the local seismic velocity, and S is the ray 
path between the hypocentre and station. S is an obviously 

Figure 2. Ray-diagrams for a direct, a refracted and a reflected 
phase at a typical crustal discontinuity (see text for  further 
explanations). 

non-linear function of the local seismic velocity along the 
path. Parallel to T, the Jacobian, or Frbchet matrix A = V T  
of the derivatives of the traveltimes with respect to the 
hypocentral and velocity unknowns x = ( H ,  u )  is computed. 
In the following the explicit evaluation of T and A for direct, 
refracted and reflected phase will be derived. Ray paths for 
such phases are illustrated schematically in Fig. 2. 

Direct phases 

The ray tracing for direct phases is based mainly on the 
procedure explained in Koch (1985b). Eq. (1) is evaluated 
piecewise for each block along the ray. Starting with an 
initial angle and azimuth of the emerging ray at a particular 
hypocentre, the rays are propagated through the block 
system by applying Snell’s law at the entrance interface of 
the adjacent block. The correct determination of the 
exitlentrance side of a block for a particular ray is done by 
an iterative search process (see Koch 1985b). The angle and 
the azimuth of the emerging ray are varied iteratively until 
the ray hits the recording station within a given distance of 
O(50-100 m) (shooting method). The ray tracing is 
non-linear and exact since refraction of the rays at the block 
boundaries is included, contrary to some earlier techniques 
(cf: Aki & Lee 1976; Thurber 1983), but similar to more 
recent SSH methods (cf: Sambridge 1990). As shown by 
Koch (1985a), neglecting the lateral refraction as a 
consequence of Fermat’s principle, can result in traveltime 
errors of up to 0.1 s for lateral perturbations of about 5 per 
cent. Although this does not represent a major source of 
error in the present study, it may not be acceptable when 
high-quality traveltimes are used. 

Using Fermat’s principle, the Frbchet derivatives dTldv, 
of the traveltime T with respect to the velocity unknowns 
are computed piecewise for each block from eq. (7) as 
dTldv,  = -L,/vT where L, is the path length of the ray in 
the ith block. Note, that this expression is also valid for 
refracted and reflected phases, once the path-length L, has 
been evaluated (see below) for a particular block and ray. 
Frbchet derivatives dT/dH,,  ( j  = 1, q )  for the hypocentral 
parameters H, = (x,, y,, z,, t,) can be found analytically using 
a variational approach (Lee & Stewart 1981). This gives the 
well known expressions d T l d x ,  = - p  sin (o, d T / d y ,  = 
- p  cos cp and dTldzJ = cos Olv,, where p = sin Olv, is the 
ray parameter of the ray, emanating from the source 
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embedded in the layer or block with velocity v,, and (p is the 
azimuth between source and station (Fig. 2). 

Refracted phases 

Fig. 2 shows that the total path of a refracted ray at a certain 
crustal layer-discontinuity consists of three parts: (1) the 
downgoing ray between source and the impinging point Q, 
on the refractor, (2) the refracted, horizontally travelling 
ray, (the head wave) between Ql and Q2,  and (3) the 
refracted and upgoing ray between point, Q2 and the 
receiver. For the initially laterally homogeneous crust, the 
take-off angle 8 is computed directly from the ray-parameter 
of the refracted ray, i.e. 8 =sin-' (us/vr), where v, is the 
velocity of the refracting layer. Using this take-off angle and 
the great-circle azimuth, the ray is then traced downwards to 
find the point Ql on the refractor. To find Q2, a reciprocal 
ray tracing from the station to the refractor is done using the 
same ray parameter. Finally the ray is propagated 
horizontally from Q ,  to Qz through the refractor layer. The 
same technique is used in the presence of lateral velocity 
variations, with the difference that, because of the lateral 
refractions at the block boundaries, the locations of the 
points Ql, Q2 have to be refined iteratively. The expressions 
for the Frkchet derivatives 8T/84 . ,  ( j = l , q )  for the 
refracted rays are identical (except of a negative sign in the 
term 8T/dz j )  to those for the direct rays. Moreover, the ray 
parameter p is now given by the simple expression p = 1/u,. 

Reflected phases 

Ray tracing for a reflected phase is computationally more 
complex. Similar to a direct ray, an iterative shooting 
technique that consists of varying the take-off angle 8 and 
the azimuth (p of the ray is employed to find the reflector 
point Q,. From there the ray is then propagated upwards to 
the station. The take-off angle 8 and the azimuth (p found 
for the reflected phase are then used for the computation of 
the hypocentral Frkchet derivatives which are again identical 
to those for the direct rays. 

To make the ray tracing work in the application, various 
other numerous 'whistles and bells' are to be included in the 
code. The traveltime curves for the standard Rhine Graben 
crustal model (Fig. 1) exhibit a tangle of overlapping phase 
branches, particulary in the median epicentral distance 
range where the traveltime differences between the various 
phases are small. To select the appropriate phase, an 
internal phase-check is constantly done in the code. As a 
hypocentre moves across a crustal discontinuity during the 
SSH iterations, certain phases might become physically 
impossible. In such a case the phase for an arrival is 
automatically reassigned to an optimally possible one 
(applying Fermat's principle and the traveltime curves of 
Fig. 1) and the corresponding ray is retraced. For example, a 
P, phase from an event above the Conrad-discontinuity (Fig. 
1) will change to a direct+r, less likely, however, to a 
P,-phase, if the event is relocated beneath the discon- 
tinuity. That original P, phase will be restored, if the event is 
relocated upwards again in a later stage of the SSH 
procedure. 

2.3 Non-linear inversion 

The inverse problem can be stated as a general non-linear 
least-squares problem in the following form: 

F = IIy -f(x)ll'+minimum 

where y E R" is the vector of n observed arrival times of 
the q earthquakes observed at the p stations, i.e. 
m = p . q, x = ( H ,  u )  E R" is the theoretical model vector 
which includes both the hypocentral coordinates (plus origin 
times) H for the q events, and the 1 velocity-unknowns v. 
Thus m = 4q + 1. f ( x )  = T is the theoretical traveltime 
functional (1) which is evaluated by means of the 3-D 
seismic ray tracing of the previous section. 

Note that in the formulation (1) and the following analysis 
I assume that the observed data y have uniform errors; i.e. 
the covariance matrix is C, = u;I where u is a constant and I 
is the identity matrix. While this is certainly not exactly the 
case in reality (in addition to a varying u, the errors might 
be correlated which, however, is difficult to detect), the 
selection criteria employed for the data in the simulations 
and the applications are such that the assumption of 
u = constant appears to be the most appropriate one. For a 
more general formulation of weighted least squares see 
Beck & Arnold (1977), Tarantola (1987) and Koch (1992). 

23.1 The general Newton method 

A variety of non-linear optimization techniques are 
available for the minimization of the function F (Gill et al. 
1980; Fletcher 1987). The most widely used are members of 
the family of gradient and Newton techniques which can be 
easily derived from a Taylor expansion of F around an initial 
point xo: 

~ ( x ,  + hx) = ~ ( x , )  + hxTg + 4 h x T ~  hx + 0 ( ~ 3 )  (3) 
where g = V F  is the gradient and H = V2F is the Hessian of F 
at xo. From the condition for the minimum one gets the 
most general Newton-method for the correction vector Axi 
in the ith iteration step: 

Hi AX, = -gi .  (4) 
Becanse of the curvature information embodied in the 
Hessian Hi, the Newton-method has theoretically an optimal 
convergence rate of order two. However, this can rarely be 
achieved in practical applications, because of the numerical 
difficulties in computing Hi and its inverse. 

For the quadratic function F (eq. 2) the gradient gi is 
given by gi = -ATri, where A, = Vf (x i )  is the Jacobian or the 
matrix of the Frkchet derivatives of f with respect to the 
model vector xi, and ri = y - f ( x i )  is the traveltime residual 
for the model xi .  For the Hessian, Hi, one gets the 
expression 

Hi = 2(Vf)T Vf + 2V(Vf)Tri 

which, after neglecting the second quadratic term in eq. (9, 
and use of eq. (4), results in the Gauss-Newton (GN) 
method 

ATA, Axi = ATri (6) 
which are the normal equations for a linear least-squares 
problem for Axi (Beck & Arnold 1977). 
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It is still a moot point as to whether the neglect of 
2V(Vf)'ri in the Hessian (5) is valid in practical applications. 
Fletcher (1987) shows that doing so will deteriorate the 
convergence speed of the GN method from quadratic to 
super-linear, or the method may even fail in the case of 
so-called large residual problems. For the pure hypocentral 
location problem and for the SSH problem the advantages 
in using the full Hessian (5) have been demonstrated by 
Thurber (1985) and by Sambridge (1990), respectively. 
However, the computation of the second term is not trivial 
for a 3-D media and so its use has to be weighted against the 
possible increase in convergence speed. Some new 
numerical approaches in how to approximate more 
efficiently this term in general large residual problems are 
discussed by Toint (1987) and could be of interest also in 
geophysical inversion. 

23.2 The Levenberg-Marquardt method 

Formulation 

Because of the known numerical deficiences of the GN 
method to achieve convergence in cases where the Jacobian 
A in eq. (6) is ill-conditioned (Gill et al. 1980), it is necessary 
to dampen the correction vector Ax, appropriately. This is 
done by adding a band-limited matrix kD onto the normal 
matrix ATA,. This results in the Levenberg-Marquardt (LM) 
technique (Levenberg 1944; Marquardt 1963) (the iteration 
index is dropped for convenience): 

(ATA + kDTD) Ax = ATr, (7) 

where k is a damping constant and D describes an adquately 
chosen scaling matrix, or a differential operator. If D 
approximates a first order derivative, the model will be 
smoothed a priori by reducing the gradients (Sambridge 
1990; Williamson 1990), whereas if it approximates a second 
order operator, the curvature will be minimized, which 
results in even smoother models (cf: Constable & Parker 
1988). The merits of obtaining such a priori smoothed 
models are not yet decided compared to smoothing obtained 
through the classical damping of Ax, achieved by setting D to 
a diagonal matrix as will be done in the present paper. 

The choice of the scaling matrix DTD (see below) and in 
particular of the damping constant k is one of the most 
intriguing problems in optimization and inverse theory. 
Although eq. (7) of the LM method is formally identical to 
damped least squares (LSQ) or ridge-regression used in 
linear inverse theory (Aki & Richards 1980; Menke 1984), 
there are significant fundamental conceptual differences 
between these two approaches, as will be discussed further 
in a later section. While for the linear inverse problem k 
plays the role of a regularization parameter which removes 
instabilities in the solution-with the negative consequences 
of reducing the resolution of the model, and increasing the 
statistical bias and the data-misfit-k in the LM technique 
serves to reduce the length of the correction vector Ax and 
so to ensure a decrease of the residual sums squared 
s(x ,+ ' )  = r?+'r,+, for x,+' = x ,  + Ax. Ax is then called 
acceptable. Since its original conception by Levenberg 
(1944) and Marquardt (1963), numerous search strategies 
for acceptable k have been proposed. (cf: MorC 1978; 
Fletcher 1987). Nevertheless, it appears that the original 

strategy of Marquardt, which consists basically in increasing 
the damping parameter k, until s(xi+')  < s ( x i ) ,  still works 
best in most applications. It has also been used in this study. 

Scaling properties 

Contrary to the undamped GN normal eqs (6) ,  the LM eqs 
(7) are usually not scale invariant under a linear 
transformation of the model vector x + Bx where B is a 
transformation matrix (Fletcher 1987). Since B may 
represent a conversion of the physical units of the model, 
the search vector Ax will depend somewhat on the choice of 
these units. The scale invariance is proportional to the 
magnitude of the damping matrix and so becomes 
particularly severe for a large kDTD, when the search 
direction is close to the steepest descent (see below). Since 
the latter is being employed increasingly in non-linear 
inverse theory (cf: Williamson 1990; Sambridge 1990), 
particular care has to be taken to scale the system properly. 

There have been some arguments on how to choose DTD 
to make the LM equations less scale variant (More 1978; 
Fletcher 1987). Using a Langrangian or penalty method 
(Gill et al. 1980), the LM eqs (7) can also be derived from 
the constrained minimization of a linearized form of the 
function F(3) under the constraint (ID Ax11* < h (where h 
denotes a trust region). D might so be used to define a 
metric for that trust region and would be large where the 
step vector Ax is supposed to be small; i.e. the updated 
solution x,+' is restricted close to the x,. Viewed from the 
stochastic or Bayesian (subjective) point of view (Beck & 
Arnold 1977; Tarantola 1987) D would then be equal to the 
inverse of the a priori covariance matrix C, of the model: 
DTD - C;'. In fact, as will be discussed in a later section, this 
result is also in agreement with the corresponding optimal 
damping parameter k,,, (see Table 3) of the stochastic 
inverse (Franklin 1970; Jordan & Franklin 1971; Aki & 
Richards 1980). 

However, because it is difficult in practice to assign an a 
priori model covariance C,, another option (More 1978) is 
to set D = all in eq. (7). This approach is heuristically very 
similar to the previous one, since the a posteriori covariance 
matrix of the estimator Ax is proportional to the inverse of 
the normal matrix ATA; i.e. cov (Ax)  = -(ATA)-' (Draper & 
Smith 1981). This choice of D also allows a convenient row 
and column scaling of the normal matrix ATA, such that its 
diagonal elements are equal to unity. This improves the 
numerical condition of ATA and so facilitates the numerical 
solution of the eqs (7) (Golub & Van Loan 1989). With 
E = D-' one gets the scaled form of eq. (7) 

(ETATAE + kl) Ax' = ETATr, (8) 
where I is the unit matrix and Ax' = E-' Ax. Interestingly, 
this scaling formulation corresponds to the original one 
proposed by Marquardt (1963) and will be explored in the 
present paper. 

The other scaling option to be used-which has been 
often found superior by Fletcher (1987)+onsists in using 
D = I in the original eqs (7). It can be understood from an 
objective point of view relying on the data, instead of the 
previous one (which was based on the subjective a priori 
reliability of the model). Therefore all diagonal elements of 
the normal matrix ATA are damped by the equal amount k. 
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Since the Jacobian A reflects the sensitivity of the 
traveltimes with respect to the model parameters, the 
diagonal element (ATA), is the total sum of all the sensitivity 
coefficients of the model component xi. The larger it is, the 
more reliably x j  will be measured by the data; i.e. its 
variance [-(ATA),;'] will be smaller. In the present 
application this would be the case for the large blocks of the 
model and those which are probed by many rays. 
Consequently, it appears natural that such well determined 
solution components should be less affected by the damping 
than the poorly determined ones. 

For the SSH problem (or any other mixed geophysical 
inverse problem, cf: Williamson 1990; Sambridge 1990) 
there is an additional-and so far not satisfactorily 
solved-intricacy, which is due to the fact that the total 
model vector Ax consists of components of different physical 
dimensions, such as km for the focal coordinates (xo,  yo, xo),  
sec for the origin time to, and km s-' for the seismic velocity 
u. Consequently, the FrCchet matrix reflects these units and, 
regardless which scaling option is used, using a particular 
scaling matrix kDTD in the damping poses the danger of 
either enforcing velocity variations at the expense of 
hypocentral adjustements or vice versa. This issue becomes 
particularly pronounced if a large damping is required to get 
a sufficiently regularized solution. It is therefore related to 
the ill posedness of the SSH problem. To investigate this 
issue further, simulations will be performed using different 
damping matrices D, and D,, for the velocity and hypocentral 
FrCchet submatrices, respectively. For the two special cases 
(D,+O; Dh + 00) and (Dv+ 00; Dh + 0) one gets a pure 
velocity and a pure hypocentre determination problem, 
respectively. 

Relation to gradient- and quasi-Newton methods 

Because of its damping property, the LM technique belongs 
to the family of restricted gradient methods which search 
correction vectors in the most general form Ax, = A&,, 
where S, = H,' is an approximation of the inverse of the 
Hessian and A, is a step-length reduction parameter chosen 
to ensure the decrease of the objective function F. For the 
most trivial form S, = I one obtains the method of steepest 
descent (SD). For k + m the LM method behaves as a SD 
and one gets Ax, = l/kD-2g,. The SD method has found only 
recently some more interest in non-linear geophysical 
inverse theory (Tarantola 1987; Sambridge 1990; Williamson 
1990). Although the convergence speed for SD is only linear 
(Gill et al. 1990), it has the advantage that, unlike in the GN 
or LM methods, the explicit inversion of the large FrCchet 
matrices is not required. As discussed by Tarantola (1987), 
to ensure scale invaraince of SD, the gradient g, (which 
belongs to the dual space of the model) has to be properly 
scaled (D-' - C,, where C, is the a priori covariance of the 
model Ax). Through this procedure, step vectors will be 
more reduced in directions where the model is well known a 
priori, but allowed to 'explore further' in those directions 
where the model is poorly constrained. 

Another, more promising option which preserves partly 
the second order information in the Hessian H, while still 
avoiding its explict inversion are the quasi-Newton methods. 
Among those the Variable Metric methods appear to be the 
most promising (Gill et al. 1980; Fletcher 1987). These start 

also from an initial S, -H,-' and use an updated and 
possibly better approximation SI+' = S, + dS, for the inverse 
Hessian HE;'' in the new iteration step. Special variants of 
variable metric methods have been proposed which basically 
differ in the way the update dS ,  is computed. Such are the 
classical method of Davidon, Fletcher & Powell (DFP) and 
the very efficient method of Broyden, Fletcher, Goldfarb & 
Shanno (BFGS), (Fletcher 1987). While these techniques 
have already found widespread use in the large-scale 
optimization in meteorological prediction (cf: Navon & 
Legler 1987), applications to geophysical inverse problems 
are still scant (Tarantola 1987). A comparison of BFGS with 
LM for a multiparameter estimation problem in thermal 
diffusion by Koch & Zhang (1992) reveals the superiority of 
the BFGS over the LM technique, in particular for very 
noisy data. This was attributed to a good approximation of 
the second, neglected term of the Hessian in eq. (5). 

Convergence criteria (F-test of non-linearity of the problem) 

As a termination criterium for the iteration cycle, either the 
condition s ( x , ) < E  or l A x 1 ' / l ~ ~ 1 ~ < 6 ,  where E and S are 
prescribed bounds on the data y and the model x ,  
respectively, have been proposed (Marquardt 1963). 
However, it is often difficult in a practical application to 
specify such error bounds. A better approach (Koch 1985a) 
is the use of the statistical F-test to decide whether further 
iterations lead to statistical significant reductions of s(xi ) .  

From basic statistical theorems (Beck & Arnold 1977; 
Draper & Smith 1981), it follows that s(x , ) /a '  (d is the a 
priori covariance of the data), has approximately a 
X2-distribution with n - p  degrees of freedom (n is the 
number of data and p is the pseudo-rank (Lawson & 
Hanson 1974) of the Frkchet-matrix A in eq. 6), so that the 
ratio sr, 

(9) 

i.e. possesses an F-distribution with n - p  degrees of 
freedom. Although eq. (9) is strictly valid only in linear 
estimation (Draper & Smith 1981), for a non-linear 
objective function s(x , )  it is approximately valid in the 
vicinity of the true minimum. Using the usual statistical 
confidence value in the F-test of about 95 per cent, the 
iterative improvement of the new model vector x,  over the 
old one, x , - , ,  can be considered insignificant, whenever 
sr, < F,,,,(n - p ,  n - p ) .  The F-test (9) will be used later to 
investigate the non-linearity/linearity of the SSH problem. 

Numerical solution of the linear system 

The linearized LM normal eqs (7) can also be viewed from 
the standpoint of pure linear inverse theory. In fact, they 
describe the general least-squares solution of the linear 
inverse problem 

Ay = A Ax + e, (10) 

where Ay now stands for the residual r above and e 
encompasses linearization and model errors. The solution of 
mimimal norm of the system (10) is Axs=A+Ay  where 
(from eq. 7) A' = (ATA + kl)-'AT is the generalized inverse, 
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model space 

or the Lanczos inverse of A (Jackson 1972; Aki & Richards 
1980). It can in principal can be computed through 
Singular-Value-Decomposition (SVD) (Lawson & Hanson 
1974, Golub & Van Loan 1989). Although SVD provides a 
natural way of damping the solution Axs by tapering the 
lower end of the eigenvalue spectrum of A with the damping 
constant k in eq. (7), for the very large-scale SSH problem 
with U(2000) unknowns, it is computationally infeasible, 
even on present-day supercomputers. 

On the other hand, recent developments of powerful 
numerical techniques for the iterative inversion of large 
sparse matrices, such as the Lanczos technique (Paige & 
Saunders 1982a,b; Golub & Van Loan 1989), appear to be 
computationally superior over classical matrix methods 
(Nolet 1985; Van der Sluis & Van der Vorst 1987; 
Humphreys & Clayton 1988; Spakman 1988, 1991). 
However, they often do not possess all of the powerful tools 
of the latter to address some of the most important issues of 
inverse theory, namely the problems of existence, 
uniqueness and stability of the inverse solution (see Ho-Liu, 
Montagner & Kanamori 1989; Trampert & Leveque 1990; 
Trampert 1990; for a discussion on this foremost issue). This 
is particularly acute for the SSH problem, where the 
coupling of hypocentres and velocities induces additional 
colinearities in the Fri.chet matrices (Koch 1985b). 

Classical factorization techniques, such as a QR 
decomposition with Householder transformations or a 
Cholesky decomposition of the damped normal matrix 
ATA + kl, are computationally much more efficient than the 
regular SVD (Golub & Van Loan 1989). Koch (1992) shows 
that for practical tomographic seismic inverse problems the 
k-damping technique and the truncated SVD (TSVD) are 
equivalent. This appears to confirm theoretical results of 
Hansen (1990) and Chan & Hansen (1990) who propose a 
new TSVD technique using rank revealing QR factorization. 

In the present SSH method I use a Cholesky factorization 
technique with a full symmetric row and column pivoting 
strategy in order to postpone the occurrence of zero pivots 
during the solution process and thus to improve the stability 
of the method. This is crucial, because the condition number 
of the symmetric normal matrix ATA is the square of that of 
A, so that the decomposition of ATA is inherently more 
unstable than that of A (Golub & Van Loan 1989). 

data space 

2.4 Aspects of regularization theory 

2.4.1 Objectives and methodology for linear and non- 
linear inverse problems 

In the following sections the most important aspects of the 
regularization of an ill-posed SSH problem will be discussed. 
As has been outlined earlier there are conceptual differences 
in the objectives of regularization depending on whether the 
inverse problem is linear or non-linear. This is brought to 
bear, in particular, when discussing the issue of optimal 
regularization (OR) which consists in selecting one 
particular model xOpt which optimizes some typical trade-off 
characteristics of the solution in both data and model space. 

Because the regularization is technically performed by 
introducing the damping parameter k into the LM eqs (7), 
to each k a particular solution x,(k)  will be associated with. 
Therefore the search for an optimal model xOpt is 

tantamount with determing the optimal k<,pt. Surprisingly, 
while the search for an optimal k epitomizes the major 
challenge in linear inverse theory (Koch 1YY2). for the 
general non-linear problem, the issue appears to be more 
trivial. The only condition imposed on k in eq. (7) is to 
ensure the convergence of the iteration procedure to  the 
minimum of the objective function F (2). 

The natural question is then whether it is possible to unite 
the linear and the non-linear regularization approaches. In 
other words: assuming that the non-linear inverse problem 
has been linearized as in Section 2, then one can ask 
whether a solution Ax,,,(lin) obtained by means of linear 
OR during iteration step i, is consistent with a k,,,(non lin) 
of the LM procedure (7); i.e. one which guarantees the 
minimization of the objective function F ( x , )  (2). If this is the 
case, it will represent an ideal situation and will characterize 
a well-posed non-linear inverse problem with a well-defined 
minimum of F. Furthermore, it would indicate that the 
linear correction vector AxOpt(lin) is both acceptable [it 
reduces s(x,)], and that it is also an optimal solution of the 
underlying linear inverse problem. 

2.4.2 Trade-off characteristics of regularization 

The regularization of the inverse problem has various 
adverse effects on different solution parameters which are 
either positive, such as the reduction of instabilities and the 
statistical covariance of the solution, or negative, such as the 
reduction of the geometrical resolution (increase of the 
spread), increase of the statistical bias and the deterioration 
of the goodness of the fit of the model to the data. These 
effects are illustrated in Table 1. Group I comprises those 
parameters which are positively and group I1 those which 
are negatively affected. These various trade-off parameters 
are defined and computed as follows. 

(1) The resolution of the model is computed from the 
resolution matrix R = A'A which, using the expression (10) 
gives 

R = (ATA + kl)-'ATA. (11) 

(2) The covariance of the solution as given by the 
covariance matrix cov (Ax,) = AA'T~Z where u2 is the 
variance of the data which is either estimated a priori or is 
evaluated from the a posteriori residual sum squared, as 
given further below. Using eqs (10) and (11) one gets after 

I group I (positive) I group 11 (negative) I 
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some manipulations (Koch 1991) 

cov (Axs) = (ATA + ~ ~ ) - ‘ R c T ’ .  (12) 
Both expressions (11) and (12) are computed column wise 
for particular components of the model vector x,. Because 
of the extreme computational efforts involved in the 
evaluation of the full expressions for cov(Ax,) and R for 
very large scale problems, these quantities are usually only 
computed for a number of selected model parameters. 

(3) The geometrical spread quantified by the spread 
function S, is computed at a particular position r, from the 
resolution kernel R (Backus & Gilbert 1968) through 

S, = 12 ( r  - ro)’R’(ro, r )  dr I 
where the constant 12 is a normalization factor and a and b 
denote the model dependent integration limits. For radially 
symmetric earth models S, has been computed by Backus & 
Gilbert (1968) by simple integration of R over the depth. 
Koch (1992) extended the spread function concept to the 
3-D teleseismic inverse problem by volume-integrating eq. 
(13). Since eq. (13) is similar to the definition of the second 
moment (the variance) of a distribution function (given here 
by R’) (Beck & Arnold 1977), it follows that S, provides a 
measure for the width of the resolution kernel at r,. For 
R(r,, r )  + I, i.e. the resolution tends towards the delta 
function, the spread S, goes to zero and one has an ideally 
resolved earth model (Jackson 1972). 

(4) The biasz term which describes the statistical bias of 
the solution has been known for some time in the statistical 
literature (Hoerl & Kennard 1970; O’Sullivan 1986) but has 
so far barely been used in geophysical inversion. Koch 
(1991) discusses it in detail and shows that the statistical bias 
is another quantitative measure of the resolution error, as 
introduced by the non-deltaness of the resolution kernel. 

The bias of an estimator can be derived through the 
introduction of the true error, or Mean Square Error, 
MSE(x,) between the estimated and true solution x, and x 
(Hoerl & Kennard 1970; Marquardt 1970): 

MSE(x,) = E[(xS - x ) ~ ( x ,  - x)]. 

MSE(xs) = E{[& - E(Xs)ITIXs - E(x,)l} 

(14) 
A basic algebraic decomposition of eq. (14) results in 

+ E{[x - E(X,)ITIX - E ( m >  (15) 

(16) 

(17) 

or 

MSE(x,) = trace [cov (xs) ]  + bias’, 

bias’ = E{[x - E(x,)IT[x - E(xs)]}, 

where the second term is the so-called misfit or bias-term 

between the true and the estimated model. For an unbiased 
estimator, [E(x,)  = XI, such as the classical, unregularized 
least-squares estimator x, [K = 0 in the normal eqs (2)], and 
since E ( x , ) = x  (Beck & Arnold 1977), it follows that 
bias’ = 0. 

The bias’-term can be expressed in terms of the resolution 
R after the following basic manipulations (Koch 1992): 
substituting y of the general linear system y =Ax + e into 
the inverse solution x, = A’y, and using the definition of, 
R = A’A, one obtains x, = Rr + A’e and consequently 

E(x,)  = Rr. Therefore a regularized estimator is always 
biased, because R # I [R is not delta-like (Jackson 1979)). 
Thus one obtains the following expression for the bias’ term: 

bias’ = xT(I - R)T(I - R)x, (1 8) 
i.e. bias’ quantifies the lack of resolution of the model. Thus 
it has been proved that the statistical bias is equivalent to 
the resolution error. These results demonstrate that the 
positive effect of the regularization on the reduction of the 
covariance of the estimator is mitigated by the introduction 
of an additional statistical bias term bias’ in eq. (17) and it 
can be proved that there is a monotonous trade-off between 
covariance and the bias (Hoerl & Kennard 1970). This has 
been illustrated for various 3-D teleseismic models by Koch 
(1992). 

(5) The goodness of the fit is computed from the sum of 
residuals squared llr11’, as obtained a posteriori from the 
regularized solution Axs of eq. (10). It should not be 
confounded with the non-linear sum of residuals squared 
s (x i )  of the objective functions F eq. (1). llrll’ is computed as 

llr[l’=(Ay - A A X ~ ) ~ ( A ~  - A h s ) .  (19) 

(6) The coefficient of multiple determination, R’, also 
called the explanation of variance, is directly related to llr11’ 
through 

(Draper & Smith 1981), where s; is the total variance of the 
data y. Obviously, 0 5 R’ 5 1 and one has R’ = 1 for a model 
which fits the data perfectly. 

2.4.3 Techniques of optimal regularization 

In the present section I summarize the main principles of the 
various ORTs to be used in the SSH procedure. For 
additional details, mathematical derivations and applications 
to 3-D teleseismic inversion see Koch (1992). Table 2 shows 
which pairs of ‘trade-off partners’, one belonging to group I 
and the other to group I1 in Table 1, is selected in defining 
the optimal solution xOpt for that ORT. Table 3 lists in a 
recipe-style manner how this is performed in practice and 
whether statistical a priori information on the model is 

Table 2. Trade-off parameter pairs which are used theoretically and 
in practice for the various regularization techniques (RTs) are 
marked by an ‘x’. 

regularization 
method 
Tikhonov 
Ridge-regres. 

Backus/subj. 
Optimal filt. 

Bayes (MAP) 

Ba&us/Gilb. 

I_ 

lace M 1 data space N 
group I1 

model 
group I 

IlG I I>, cov(z. 1 
X 

X X 

X X 

X 

X X 

X 

11+112 
X 

theory: x 
pract.: . 

theory: ~ 

pract.: x 

theor?: x 
pract : . 
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required to determine xopt. In fact, for some ORTs an 
optimal regularization parameter kop, is defined analytically 
if exact a priori model information is available. However, 
since the latter does not always exist, one has either to put 
bounds on the model space instead, or inspect graphically 
the trade-off curves for the various counteracting solution 
characteristics of Table 2 to define xOpt. From the 
unavailability of appropriate a priori information, the 
differentiation of ‘theory’ and ‘practice’ in both Tables 2 and 
3 follows. Because some of the ORT base their optimal 
solution criteria only on parameters acting in model space 
(Table 2), which is not necessarily known a priori, 
eventually the observed data will be the only ‘objective’ 
model information at hand to define xopt. 

The practical performances and limitations of these ORTs 
have been studied in detail on different teleseismic inversion 
models by Koch (1992). He shows that, in spite of some 
mathematical equivalencies, a carefully regularized inversion 
should comprise the use of more than one ORT of Tables 2 
and 3. Because of their different optimum criteria (Table 3), 
the ORTs usually do not perform equally well in restricting 
an ‘optimal’ solution. However, the various ORTs often 
appear to complete each other and are thus not redundant. 
With some experience, careful scrutiny, and comparative 
evaluation of the different ‘optimal’ solutions obtained, the 
most consistent ‘optimal’ model can usually be chosen. 
Among the various ORTs of Table 3 tested by Koch (1992), 
that of Tikhonov, of Backus & Gilbert and of Backus 
(subjective) have been found particularly useful. In the 
following sections I present the most salient characteristics 
of the different ORTs of the Tables 2 and 3. For a more 
complete derivation and discussion see Koch (1991). 

The Tikhonov regularization 

Originally developed by Tikhonov (1963) and investigated 
since then in more detail by a number of Russian authors 
(Lavrentiev 1967; Tikhonov & Arsenine 1976; Morozov 

Table 3. Criteria for defining optimal solutions in terms of the 
optimal regularization parameter kopt and use of a priori 
information in the various ORTs of Table 2 (see text for further 
explanations). 

method 

Tikhonov 
regularization 

Ridge 
regression 

Backus 
(subjective) 

Optim. tilt. 
(Stoch. inv.) 

Bayes estim. 
(MAP) 

Backus 
and 
Gilbert 

criteria for optimal solution 
ZOVi  

theory: Q = lltliZ + 
allz,112 - min. 
pract.: 11r112/11zs112 curve 

theory: 
MSE = trace {cuu(z,)} + 
bias’ + min . 
pract.: ridge trace 

theory: 
MSE = trace {cuu(z.)} + 
zTlll - RllZz + min 
pract.: MSE-curve 

MSE - min 

conditional pdf 

Q Smp - min 

theory. a cov(zs) 
+4 spread 4 min 
pract: COY Ires. curve 

f(zlu) - mln 

a p n o n  
information 
theory: 
bounds d, ,  dy 
pract.: no 

theory: yes 
pract.: no 

bound M on llzll 
and resolution error 
IlMII*II~ - R112 

no 

1984), the Tikhonov regularization (TR) has found 
applications in numerous scientific fields (cf. Tikhonov & 
Goncharsky 1987); in particular, for the solution of ill-posed 
linear integral equations (Twoomey 1977; Bertero De Mol 
& Viano 1980). Some geophysical applications include 
Backus (1988), Williamson (1990), Koch (1992) and Koch & 
Kalata (1992). 

The TR is derived from the solution of the two following 
constrained least-squares problems: 

Minimize: IIx [ I 2 ,  under constraint: I( y - Ax (1’ = d:, (21a) 

or 

Minimize: I1 y - Axil2, under constraint: (Ix ( I2  = d:, (21b) 

where d; denotes an upper bound on the norm of the 
data-errors y, i.e. the residuals r = y - Axs, and d: denotes 
an upper bound on the norm of the model vector x.  The 
solution of both problems is obtained through the 
minimization of the Lagrangian function 

a= IlY -&Il2+a IIx112 (22) 

(Table 4) and results directly in the damped normal 
equations 

(ATA + aT)xs = ATy, (23) 

where a is a free Lagrangian parameter. Eq. (23) is formally 
identical to the LM eqs (7), (8), assuming D = I and a = k. 

The Lagrangian function quantifies the trade-off 
between the residual norm llr11’ and the solution norm 
IlxS11’, with a as a free weighting (penalty) term that 
balances the importance of each of the two parameters. 
Since a is usually not known-unless it is prespecified as 
a - u;/u:, as in the stochastic inverse-the usual procedure 
consists of generating graphically the trade-off curve 
between llr11* and 11xS)1’ for different a. Such a trade-off 
curve reveals directly the instability of the inverse problem, 
since it shows how data changes 6, are projected into 
solution changes ax,. The latter is obviously unstable in the 
horizontal branch of the trade-off curve where a larger range 
for 1 1 ~ ~ 1 1 ~  gives basically the same residual norm Ilrll’. All x, 
within a certain range are thus able to satisfy the observed 
data y equally well. Therefore the solution is unstable and 
non-unique. It follows that a natural choice for the optimal 
solution xOpt is that x, which has the minimal norm along the 
horizontal branch of the trade-off curve, or where the latter 
begins to bend upwards. 

A similar, but more quantitative approach in the TR (the 
so-called objective version) results directly from the 
minimization formulation (21a). It consists of selecting the 
cut-off value d, for the residual r (in accordance with the 
usually known error statistics) and of increasing a until the 
residuals r = y - Axs for the model x, are smaller than this 
bound (Table 3). On the contrary, one can also use the 
formulation (21b) in cases when some a priori model 
information is available. This is the so-called, the less-well 
known, subjective quasi-solution technique (Morozov 1984), 
in which an upper bound d, on the model parameters is 
imposed a priori on the norm of the solution Ilx, )I (see Table 
3) and the solution is increasingly regularized until 
Ilx,II <d,. Naturally the ideal xOpt of TR from both the 
objective and the subjective viewpoints would be that one 
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which satisfies both versions of TR; i.e. minimizes both 
problems (21a, b) simultaneously. This will only be possible 
if a consistent pair (d,,, d , )  of bounds for data and model can 
be found (see Koch 1992, for details). Since this is rarely the 
case, a good compromise is the use of the ‘knee-point’ in the 
trade-off curve, as discussed. 

Ridge regression 

Ridge regression (RR) originally developed by Hoerl & 
Kennard (1970) and Marquardt (1970) has found wide- 
spread application in the regression analysis of ‘non- 
orthogonal’ or ill-posed statistical data (cf: Inman 1975; 
Petrick, Pelton & Ward 1977 for geophysical applications). 
Although the expression for the RR estimator is identical to 
the one of the LM, the damped LSQ, or the TR estimator 
(7), (8), (23), respectively, its optimality conditions are 
different. In fact, it is in RR where the concepts of the 
trade-off between covariance and statistical bias, and its 
sum, the MSE (see eqs 16, 17, 18) for the true error have 
been introduced for the first time. Consequently, the 
optimal ridge parameter kopt is defined as that k that 
minimizes the MSE (eq. 16). However, the latter can only 
be determined if the bias-term (17) can be computed. This is 
only the case if the true model x is exactly known a prior. 
Since the inception of RR much research has been focusing 
on how to find a minimizing kopl, assuming certain statistics 
for the data and the true, unknown model. For the special 
case that data and model variances are a: and a:, 
respectively, using a Bayesian approach (see below), 
Goldstein & Smith (1974) get the famous expression 

U 2  
k,,, = 2 2 ’  (24) 

V X  

Because of the practical difficulties in assigning a proper a 
priori variance a: to the model, this appealing eq. (24) is of 
only limited use. In fact, Koch (1992) demonstrates for 
teleseismic inversion that incorrectly specified a: can lead to 
models x,, which are inconsistent with the data. For remedy 
the author proposes a new iterative RR, where k2il is 
updated in each iteration step from a posteriori estimated 
solution and residual variances sfj’) and s;(~), respectively, 
obtained with the previous k$’). Although this procedure 
converged well for some test models, more research is 
needed to understand its optimality properties. Therefore I 
will not consider it here. Instead I will use the more practical 
procedure of the ridge trace which consists of the graphical 
inspection of the variations of the solution components of x,, 
when plotted as a function of k (Marquardt & Snee 1975). 
kopl is then choosen in the range where the solution 
stabilizes significantly. 

The method of Backus (subjective) 

In a series of less well known papers, Backus (1970a,b,c) (cf: 
Johnson & Gilbert 1972) has derived an expression for the 
total error Ile, 11 of the inverse solution which turns out to be 
formally identical to the MSE (15,16); i.e. ( IleS112=MSE). 
Independently from the development of RR, Backus 
showed that Ile,ll is the sum of the covariance and the 
resolution error (cf: Jackson 1979; Matsu’ura & Hirata 

1982). The latter proves to be identical to the statistical bias 
(17,18); as first pointed out by Koch (1983). However, the 
computation of the resolution error by eq. (18) requires 
exact a priori information on the true model x. Backus 
assumed therefore that the model x has an upper bound M, 
such that I(xII 5 M, and thus obtained the following upper 
bound for Jlesllz: 

lles1I2 5 trace [cov (XS)l+ IIMJl2 II(I - R)112. (25) 
Koch (1992) went further and minimized this approximate 
expression for the MSE by a graphical procedure to define 
an optimal solution that has a minimal total error lle,112. He 
called this new ORT Backus subjective, due to the fact that 
subjective a priori model bounds M are needed. The 
application of this ORT to teleseismic models proved it to 
be among the most powerful ones. Indeed, since a minimal 
lles112 is the ‘ultimate’ of the optimal criteria, the ORT of 
Backus has been considered as the reference for the other 
ORTs. 

The method of optimal filtering (stochastic inverse) 

The method of optimal filtering, originally proposed by 
Wiener (1949), can be considered as the parent of most 
optimal estimation techniques. It is also dubbed mean- 
square estimation in communication theory (Liebelt 1967; 
Papoulis 1984); least-square collocation in geodesy (Moritz 
1978; Rummel, Schwartz & Gerstl 1979) or stochastic 
inverse (SI) in geophysics (Franklin 1970; Jordan & Franklin 
1971; Rodgers 1976; Aki & Richards 1980). 

The optimal estimator xOpt of the SI for a general linear 
system y = Ax + e (eq. 10) is defined as that estimator which 
minimizes the true error, MSE (15,16). Assuming that the 
errors e in the data y and those in the a priori model are 
described by covariance matrices C, and C,, respectively, 
the equation for xOpl is (cf: Rodgers 1976; Aki & Richards 
1980) 
(ATCilA + Cil)xopt = ATCily. (26) 

This is nothing else than a generalized weighted version of 
the damped normal eqs (7) & (8). For the special case that 
the covariance matrices are diagonal and constant; i.e. 
C, = a$ and C, = afl, eq. (26) transforms to a form that is 
identical with eq. (7), with the damping constant k replaced 
by k,, = u:/a:. This is the optimal regularization parameter 
of SI and it is equal to k, (24) of RR (Table 3). 

The method of Backus and Gilbert 

Since its inception, the Backus & Gilbert (BG) method has 
been widely used in many geophysical inverse problems (cf: 
Backus & Gilbert 1967, 1968, 1970; Aki & Richards 1980). 
Here I only summarize its most paramount characteristics, 
in as much as they pertain to the goal of defining an optimal 
solution, namely the trade-off between covariance and 
resolution. 

Regularization of the inverse problem within the BG 
formalism amounts to trade-in reduced covariance (eq. 12) 
against reduced resolution (more ‘blurring’) of the model 
[measured by either the resolution matrix R (11) or the 
geometrical spread S, (13) of the model]. The BG method 
has the appealing advantage that it does not require any a 
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priori model information, contrary to the previous ORTs. 
However, the two, physically different, trade-off partners 
covariance and resolution make the definition of an optimal 
solution rather arbitrary and the latter will depend upon the 
weighting (Lagrangian) parameters a and fi to be used to 
minimize a linear combination of its cou and its spread 
(Table 3). The choice of a and fi will be guided by the view 
of the modeller on how much to trade-in small cov for large 
geometrical spread in the model. In view of these difficulties, 
the usual procedure consists then again of the graphical 
inspection of the trade-off curves between cov and R (or the 
spread) and selecting a distinguished 'knee-point' (cF Aki & 
Richards 1980). 

The Bayes (MAP) estimator 

For the sake of completeness and to present the ORTs from 
a more unified standpoint, I discuss shortly the general 
Bayes or MAP (maximum a posteriori) estimator (Box & 
Tiao 1973; Beck & Arnold 1977). The Bayers estimator 
includes in a natural way both RR and SI (see Table 3). For 
the geophysical inverse problem it has been rediscovered by 
Tarantola & Valette (1982) and since then been used in 
various applications (cf Tarantola 1987; Backus 1988; Koch 
1991). Although originally developed for linear estimation, 
the Bayes estimator is easily extended to a general 
non-linear inversion problem (Tarantola 1987). In part 111 a 
special variant of Bayes estimation will be used to include 
explicit a priori information on sections of the Rhine 
Graben crust into the SSH models. 

By means of Bayes theorem (Papoulis 1984), one can 
express the conditional probability density function 
(pdf) f ( x  I y ) ,  which is the pdf for the model x ,  under the 
condition that the data y has been observed, as 

f ( x  1 y )  characterizes thus the a posteriori influence of the 
real observed data y on the a priori constrained model x ,  
whose unconditional pdf is specified by f ( x ) .  I assume that 
E ( x )  = xpr; i.e. the a priori constrained expectation of the 
model, and cov ( x )  = C,, which quantifies the uncertainty in 
the model constraint xpr. f ( y )  is the unconditional pdf for 
the data y ,  with cov ( y )  = C,. Finally, f ( y  I x ) ,  denotes the 
conditional pdf for the data y ,  given the model x .  Thus it is 
the pdf of the theoretical prediction y to be expected from a 
given model x ,  when no a priori information is included. 
f ( y  I x )  is then the usual pdf, as used in ordinary, 
unconstrained maximum likelihood (ML) estimation (Beck 
& Arnold 1977). 

Assuming that all pdf's are normally distributed, one gets 
for f ( x )  and f ( y  1 x ) ,  respectively 

(28) 
1 

f ( x )  = - exp [ - $ ( x  - xpJTC;'(x - xpr)], c, 
1 

f ( y  1 x )  = -exp [ - $ ( y  - h) 'C; ' (x  -AX)]. (29) CY 

The ML method can now be used to find that estimator x,  
that maximizes the pdf f ( x  ( y )  which, after inserting eqs 
(28) and (29) into eq. (27), is equivalent to minimizing the 

sum (Table 3) 

Smap = ( y  - h ) T C ,  ' ( y  - A X )  + ( X  - X ~ ~ ) ~ C ~ ' ( X  - xPr). (30) 

For the special case C,, = I and xpr = 0, eq. (36) is similar to 
the Lagrangian function L2 (22) of TR, with C i I - a .  
Minimization of Smap gives the equation for the optimal 
solution xmap of the Bayes (MAP) estimator: 

(ATCi 'A  + C;')xmaP = (ATCi'y  + C;'xpr),  (31) 
(Beck & Arnold 1977; Tarantola 19871, which for xpr  = 0, is 
formally identical to the solution of the SI (26). Thus, 
similar to that method, one obtains for the special cases 
C,  = a$, C,  = uzl, for the optimal regularization parameter 
of the Bayes-estimator k,, = a;/u:. 

The covariance matrix of the true error e, = x m a p  - x of 
the MAP estimator is given by (Beck & Arnold 1977; 
Tarantola 1987) 

cov (xmap - X )  = (ATCi 'A  + C;')-'. (32) 

Note that this term includes also the statistical bias of xmaP. 
Thus, it follows that trace [cov (xmap - x)] = MSE (x" ,~~ ) ,  and 
it is minimal. For C x +  cc (no a priori model information 
available), eq. (32) is identical with the covariance of the 
classical weighted LSQ estimator (Beck & Arnold 1977). 

2.5 The incorporation of explicit a priori information 
into the inversion 

As discussed by Jackson (1979) and illustrated quantitatively 
by Koch (1992) for the linear teleseismic inverse problem, 
the use of explicit a priori model information can reduce 
significantly instabilities in the a posteriori model. 
Mathematically the problem was solved in Koch (1992) as a 
constrained LSQ problem (Lawson & Hanson 1974; Golub 
& Van Loan 1989) and it can be shown (see Koch 1992), 
that the solution of the latter is formally identical to a 
special version of eq. (32) for the Bayes estimator. 

Because of the linearization approach taken in the 
non-linear LM method (7), eq. (31) for the linear Bayes 
estimator is formally extended to the constrained non-linear 
problem by substituting xmaP+ Ax, = x,,' - x I ,  
y r = y - f ( x , )  and xpr+ (xt - xpr) in each iteration step. 
To constrain certain components x," of the model vector x,, 
the a priori covariance matrix C, is chosen as 
C, = diag (c:, cl, . . . , c:, . . . , c:), where C: = E << 1, for j = k 
and c ' , - + ~ ( l / ~ - + O )  for j # k .  This means that small 
variances are associated with the constrained components of 
the model and large ones for the unconstrained components. 
By altering the size of E the fulfillment of the a priori model 
contraints can in principal be controlled. However, in the 
applications (see part 111) a rather insensitive response of a 
constrained x," to changes of E is often encountered. In fact, 
unless E is decreased below a certain threshold value 
[usually of O(lO-")], the n priori constraints are barely 
enforced. This peculiar behaviour appears to be a 
consequence of the skewed structure of the Jacobian for the 
SSH problem and ensuing round-off errors in the solution of 
the ill-conditioned normal equations. 

3 NUMERICAL SIMULATIONS 
In the following sections the new SSH method will be 
validated through numerical simulations on various synthetic 
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4 A ' * - l  6' 7 O  "1. . . , . . . . . ' . . I . '  8 O  So 10 1, 
Figure 3. Station locations and epicentral distribution of Rhine 
Graben seismic events occuring between 1971-1982 as used in the 
present study. The horizontal delineations of the simulated northern 
and southern crustal models are outlined. 

crustal models using modified traveltimes from the 
earthquakes and recording stations of the Rhine Graben 
region (Fig. 3). Such an approach allows us to understand 
the reliability and limitations of the SSH technique when 
applied to the actual Rhine Graben data in parts I1 and 111. 

3.1 Siulatioo approach 

Fig. 3 shows the locations of the stations and of the seismic 
events occurring between 1971 and 1982, as they have been 
relocated by Gelbke (1978) and Gilg (1980) with a modified 
version (including all possible crustal phases) of HYPO71 
[Lee & Lahr (1972)l and an average crustal model for the 
region (see Fig. 1). I defer a more detailed discussion of the 
data to parts I1 and 111. As for reasons, also discussed there, 
the whole event dataset has been divided into a northern 
and a southern crustal model (see Fig. 3). For the northern 
model, inversions for laterally homogeneous (1-D) structure 
and for the southern model fully 3-D inversions will be 
presented, respectively. The simulations are performed as 
follows: (1) a crustal velocity model is specified. (2) Using 
3-D ray tracing, theoretical traveltimes for each event of Fig. 
1 and each recorded phase are computed. The inversion of 
these exact traveltimes should, in principal, reconstruct the 
input crustal model and the original focii with a residual sum 
of squares s ( x )  - F = 0. (3) To simulate arrival-time errors, 

normally distributed errors with u = 0.1-0.2 s are added to 
the theoretical arrival times. Errors of that magnitude 
appear to be representative for the original Rhine Graben 
relocations (Gelbke 1978) and reflect instrumental, observa- 
tional and systematic errors due the false assumption of a 
vertically inhomogeneous crustal model. 

These steps are only preparatory for the SSH inversion 
which is then pursued as follows: (4) selection of various 
model parameters such as the vertical and lateral extensions 
of the model, the number of layers and blocks and other 
different internal 'technical' parameters for the SSH code. 
(5) Specification of a 1-D initial velocity model and of the 
initial hypocentres. The latter are determined randomly 
within an ellipsoid centred at the original, true hypocentres 
and with half-axes of 1-3 km in the vertical and of 2-5 km in 
the horizontal direction, respectively. (6) Calculation of a 
manifold of possible regularized inversion models which 
appear to be in agreement with the data and possible a 
priori information (cf part 111). (7) Investigation of the 
various trade-off solution characteristics of Table 1 and use 
of the different ORTs to select an optimal model. 

3.2 Vertically inhomogeneous (1-D) velocity models 

Results of two I-D SSH inversions using events and stations 
within the northern Rhine Graben area (Fig. 3) will be 
presented. Statistical errors with u = 0.2 s are added to the 
theoretical traveltimes. To illustrate the effects of the use of 
refracted and reflected phases two inversions, one with 
(model M1) and the other without such phases (model 
Mla), are performed. Figs 4-8 show the results of the 
simulations. The 'optimal' 1-D velocity models of Fig. 4 
have been obtained after application of the relatively 
tedious regularization procedures of Tables 2 and 3. I defer 
the details to a later section (Figs 6-8 will be crucial for this 
purpose). Fig. 4 illustrates that both simulations give 
satisfactory results for the seismic velocities. However, 
whereas for model M l a  (using direct phases only) (Fig. 4b), 
the velocities in the second (2-8 km) and third (8-15 km) 
layer are very well reconstructed, there are discrepancies for 
the first (0-2 km) layer and for the depth range below 20 km 
which is no longer resolved by direct rays. This is in contrast 
to model M1 (including all observed phases) (Fig. 4a), 
where these layers are also well reconstructed. In fact, the 
first layer is frequently sampled by the Pg refracted phase 
and the 15-20 km and 20-27 km layers by both refracted 
and reflected rays (Fig. 1). Nevertheless, one observes a 
small trade-off between the velocities for these two layers; 
i.e. a lower velocity in the 15-20km layer is counter- 
balanced by a higher one in the 20-27 km layer. This is 
mainly a consequence of the scarcity of seismic events in this 
depth zone for the northern Rhine Graben. In spite of the 
high standard errors of u =0.2s, the inversion for the 
velocity part of SSH appears to  be satisfactory for both 
models. Fig. 8 shows the standard deviations and the 
resolution for all the resolved layer velocities. As can be 
expected, model Mla  has a lower statistical reliability than 
model M1, with the standard deviations for the former being 
about 20-30 per cent higher than for the latter. (Fig. 8 will 
be discussed further in later section). 

Fig. 5 illustrates the simultaneously relocated (mislocated) 
hypocentres along an E-W cross section. (Because of the 
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Figure 4. SSH inversion for a 1-D crustal model using events situated within the boundaries of the northern model (see Fig. 3) including 
traveltime errors with (T = 0.2 s. (a) Model M1, (includes all observed crustal phases). (b) Model Mla, (includes only direct phases). The solid 
line represents the true velocity model, the dotted-hatched line the initial, and the hatched line the final velocity model obtained after three 
iterations, respectively. 

lateral homogeneity of the model, horizontal movements are 
much less than the vertical ones and are therefore not 
shown). For model M1 (Fig. 5a) the vertical mislocations are 
between 1 and 3 km. However, for model Mla  (Fig. 5b) they 
are usually larger by a factor of 2 to 3, in particular, for the 
shallow events whose depths are badly constrained, when 
using direct phases alone. It is for such events that the new 
SSH technique exhibits fully its advantages. Note that the 
systematic mislocations are essentially a consequence of the 
assumed large traveltime errors (u = 0.2 s) which are 
accounted for primarily by vertical mislocations and changes 
in the origin times of the events. 

E 
y 10 

z 
H 

I c I Q I 

3.3 Laterally inhomogeneous (3-D) velocity models 

I will present results of two inversions for a 3-D velocity 
model using events and stations of the southern Rhine 
Graben area (Fig. 3). The input crustal model has been 
generated as a random media such as proposed by Chernov 
(Aki & Richards 1980). I consider such an approach as the 
most stringent test of the SSH technique. 

Fig. 9(a) shows the isolines of the velocity for the six 
layers of the original model. Each layer is divided into five 
by five blocks, to which normally distributed, velocity 
variations with uv = *0.2 km s-I are assigned to. This 

I I I I I I I I I I I I I I 1 I I I 30 ' 
0 20 40 60 80 1 0 0  0 20 40 60 80 100 

E-W-AXIS IN KM E-W-RXIS IN KM 

Figure 5. EW cross section of simultaneously relocated hypocentres for the 1-D models of Fig. 4. The circles mark the true hypocentres, 
whereas the endpoints of the lines denote the SSH locations. (a): model M1; (b): model Mla. For better visualization the vertical axes have 
been exaggerated twofold over the horizontal ones. 
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as a function of the ridge (damping parameter) k for iteration 1 (lower panels) and iterations 2-4 (upper panels). (a): model M1; (b) model 
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the explanation of variance R2 for different iteration steps. (a): model M1; (b): model Mla. 
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models (first iteration). (a): model M1; (b): model Mla. 

corresponds to an average perturbation of (*3 per cent), 
however, with extremals *6 per cent). Because of a small 
amount of spline-smoothing introduced by the contouring 
program, the full variability of the model is not reflected 
completely in the figure. Nevertheless, a comparison of the 
Fig. 9(a) with the numerical values of the input velocities 
reveals that the dominant features of the latter are produced 
satisfactorily. 

Two model realizations, M5 and M6, are performed. 
Model M5 (Fig. 9b) is based on idealistic data; i.e. no 
statistical errors are included. Model M6 (Fig. 9c) has errors 
with u = 0.1 s added to the original travetimes. This is about 
the size of the true observational errors in the Rhine Graben 
data (cf: part I1 and Gelbke 1978), once possible lateral 
velocity variations have been accounted for. Again, I defer 

middle crustal depth range 10-20 km. The vertical 
mislocations are slightly larger (-1 km) in the uppermost 
two layers (0-8 km). These shallow events usually lack 
arrival-time records at small epicentral distances which 
results in co-linearities the hypocentral part of the Jacobian 
and consequently in larger vertical focal errors. For the 
noisy model M6 this situation is further compounded and 
the vertical focal errors for the shallow events are -1-3 km 
and somewhat less for those in the middle crust. The 
epicentral errors for model M6 are of about the same size. 
Note that a hypocentral uncertainty-sphere of that 
magnitude is consistent with the assumed traveltime errors 
of c+=O.ls. It follows that most of the noise has been 
projected into the hypocentres. 

the details of the OR of the two models (using in particular 
Figs 11-13), to the following sections. A laver-bv-laver 

3.4 Convergence and the linearity/non-linearity of SSH 

comparison' in Fig. 9 illustrates that the salient features- of One of the questions broached in the introduction has been 
the original model are at least qualitatively reconstructed. 
Both models M5 and M6 agree well with the original model 
in the upper four layers (above the 20 km discontinuity) 
which are well sampled by the various crustal phases (as will 
be confirmed later when discussing resolution and 
covariance). For the noise-free Model M5 the results are 
also good for the lower crust layer five (20-26 km) and the 
upper mantle layer six (26-36 km), which are only sampled 
by P,, refractions and some PmP reflections (cf: Fig. 1 and 
part 111). In contrast, the noisy model M6 (u = 0.1 s) reveals 
minor overestimations for some of the velocity perturbations 
in layers three (8-15 km) and four (15-20 km) and more so 
for layers five and six. One notes also the solution 
instabilities along the boundaries of the model, particularly 
in the lower layers. This is due to poor ray coverage which 
ensues partly colinearities in the Jacobian A. 

These results show that the new SSH technique is, in 
principal, well suited for the retrieval of the prominent 
lateral crustal features of the southern Rhine Graben region 
(part 111). This is also the case for the simultaneously 
relocated hypocentres of models M5 and M6 (Fig. 10). Fig. 
lO(a) shows that for model M5 (ideal data) the relocated 
focii match the true ones extremely well, in particular in the 

whether SSH might be treated more conveniently as a linear 
inverse problem. In the present section I will investigate this 
issue quantitatively by studying the convergence of the 
previous SSH models using the statistical F-test (Section 
2.3). 

Figs 6 and 11 show the variations of the a posteriori 
estimated residual sum squares s(x , )  as a function of the 
damping parameter (ridge parameter) k for different 
non-linear iterations i in the LM procedure for the various 
models. Comparing the variations of s(x,) for models M1 
(using all phases) and Mla  (using only direct phases) in Fig. 
6, reveals the much better conditioning of M1 than Mla. 
Whereas s(xl) for Mla  shows large fluctuations in the first 
iteration (i = l), s ( x J  for M1 decreases monotonously in a 
stable way with slightly augmenting k, until it starts to 
increase slowly again. There is a relatively well pronounced 
minimum of s(xJ in the range k =0.01-0.1 for model M1. 
In contrast, s ( x I )  for model Mla is basically insensitive to a 
change k above k -0.1. Large kinks in sfx,) for i = 1 are 
also observed for the models M5 and M6 (Fig. 11). 
Although there appear now to be two minima, a more 
detailed look at the velocity and hypocentral solutions 
reveals that they are to be considered as outliers. In fact, the 
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Figure 9. SSH inversion for a randomly generated 3-D crustal model using events from the southern Rhine Graben area (Fig. 3). Layer 
interval and unperturbed layer velocities are, respectively: 0-2 km (5.5 km sf'); 2-8 km (6.0 km s-I); 8-15 km (6 km SKI); 15-20 km 
(6.1 km s-I); 20-26 km (7.15 km s-I); and 26-36 km (8.3 km sf'). (a) Isolines of original model having normally distributed lateral velocity 
variations of o, = 0.2 km s-'. (b) Results of inversion for model M5 (noise-free traveltime data). (c) Results of inversion for model M6 
(including statistical traveltime errors of u = 0.1 s). The block boundaries are delineated by the hatched lines and the number given in the 
upper left comer of each block denotes the number of rays propagating through that block. The contour interval is 0.1 km sC1. 
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Figure 9. (Continued.) 
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Figure 9. (Continued.) 
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Figure 10. EW cross section of simultaneously relocated hypocentres for the 3-D models of Fig. 9. (a): model M5; (b): model Mh. (See Fig, 5 
for further explanations). 

jagged increases of s ( x I )  can be ascribed alone to temporary 
jumps of several hypocentres by some 2 km across the 20 km 
layer discontinuity. The subsequent changes of the ray paths 
and of the traveltimes are sufficient for these large increases 
in s(xI). Augmenting k further, the focii are recorrected and 
s(xJ reduces down again to acceptable levels. This 
behaviour identifies $(x i )  as a powerful indicator for the 
quality of the SSH solution and for identifying data outliers. 

The solution x1 at the minimum of s ( x , )  is used to update 
the FrCchet matrix in eq. (7) for the next iteration. Figs 6 
and 11 show that there is usually a further decrease of s(x2 )  
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Figure 11. Similar to Fig. 6, but for the 3-D models M5 (a) and M6 (b). 

for the second iteration, but any additional improvements 
can hardly be achieved for i = 3 and i = 4. The question is 
whether decreases of s(xi) from one iteration to the next one 
are statistically significant. Using the non-linear F-test (eq. 
9), I will test the hypothesis H,: there is a significant 
reduction of s(x, )  for iteration i relative to iteration i - 1; 
versus the alternative HI: there is no significant reduction of 
s(x, ) .  Since linear inversion corresponds to the special case 
i = 1, the issue of the linearity/non-linearity of the SSH 
problem will be solved concomitantly. The results of the 
F-test for the four models are summarized in Table 4. The 
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Simultaneous inversion-1 405 

Table 4. Convergence and F-test of the non-linear SSH inver- 
sion. Hypothesis &: iteration i results in a significant reduction 
of the minimal s(xi) .  Alternative HI: The decrease of s (x i )  is 
statistically not significant. sr(x,) is defined in eq. (9) and F,.95 is 
the 95 per cent critical F-value. 

Model 

M1 

Mla  

M5 

~ 

M6 

i kopt a(%) s T ( z a )  F0.95 HO/Hl 
0 151.00 1.15 

1 0.03 20.50 6.40 HO 
2 0.25 18.80 0.08 HI 

3 1.00 18.60 0.01 H1 
0 93.00 1.25 

1 0.06 23.50 2.90 HO 
2 0.13 10.80 1.18 H1 
3 1.00 10.10 0.01 H1 

1 0.03 1.65 29.90 HO 
2 0.03 0.46 2.70 Ha 
3 0.13 0.31 0.48 H1 
0 70.00 1.10 

1 0.13 14.00 4.00 HO 
2 0.25 12.40 0.13 H1 
3 0.13 12.00 0.03 H1 

0 51.00 1.10 

relative change sr(xi) of s(x,) from one iteration to the next 
one compounds the statement above that the most dramatic 
reductions of s(xi) occur in the first (i = 1) iteration. In fact, 
the relative decrease of sr(x,)  exceeds the critical 
F,,,(n -p ,  n - p )  value for all models for i = 1 and thus, 
with a 95 per cent confidence level, the hypothesis is to 
be accepted. In contrast, with the exception of the noise-free 
model M5, higher iterations i > 1 do not result in significant 
reductions of s (x i )  and the alternative HI has to be accepted. 
Another, though somewhat less stringent, convergence test 
is provided from the variation of the residual norm llr\l2 
(19), or the variance improvement R2 (20) for the goodness 
of fit as a function of k. Following Table 1, RZ should be a 
monotonously decreasing function of k. This is sipported by 
Figs 6 and 11. For i = 1 all models show a relatively flat 
decrease of R2 from -90 per cent for k = 0 to about 50 per 
cent for k - 0.8. However, for i > 1 the additional variance 
improvements drop down to the insignificant level of -5 per 
cent. Again the error-free model M5 makes an exception, in 
as much as R2 of -80 per cent and 30 per cent are obtained 
for i = 2 and i = 3, respectively. 

One concludes from these results that for most of the SSH 
models not much has been gained when using more than 
one iteration in the non-linear damped GN or LM method; 
i.e. a computationally expedient linear inversion may be 
enough for practical purposes. This does not mean that the 
SSH problem is not intrinsically non-linear. But it 
corroborates the arguments of the introduction that the 
non-linearity of the problem might be masked in a practical 
application by noise in the data which causes an ill-defined 
minimum of the objective function F in eq. (2). Indeed this 
is also supported by the exceptional, error-free model M5 
where a further significant step towards the, now better 
defined, minimum of F can still be obtained in a second 

iteration. The good convergence might also attributed to the 
theoretical bases of the LM method itself (Section 2.3). 
Because this technique uses a Hessian (5) of F that is nearly 
fully approximated (note that the second ‘large-residual 
term’ in eq. (5) is partly restored by the damping matrix 
kDTD), the method converges close to quadratic (Fletcher 
1987). One has to keep this in mind when comparing results 
from the LM method with those obtained with a first order 
gradient method (such as steepest descent) which has 
become fashionable in non-linear inverse theory (cfi 
Williamson 1990; Sambridge 1990). 

What are the practical implications of these results and 
can my conclusions be generalized? The latter neither refute 
nor corroborate those of Sambridge (1990) who favours a 
non-linear approach to the SSH problem. However, he 
concedes that linear inversion may produce satisfactory 
results, for example, when the initial model is sufficiently 
close to the true, or final one. Although this may also be the 
case in the previous simulations, the choice of the starting 
models and of the initial Rhine Graben events-which, due 
to the use of all crustal phases, are originally precisely 
determined (Gelbke 1978; Gilg 1980)-has been done most 
realistically. This will be brought to bear more clearly in 
parts I1 and 111. 

3.5 The optimal regularization of the models 

The final four reconstructed models M1, Mla, M5 and M6 
are to be considered from my perspective as the optimal 
models among the manifold of other possible models. They 
have been obtained after applying the various ORTs of 
Table 3. This will be discussed in detail in the following 
sections. Note that because the ORTs are valid strictly only 
within each linear subspace of the general non-linear space 
of the inverse problem (O’Sullivan 1986; Koch 1992), 
regularization of the incremental solution Ax, has to be done 
in principal for each iteration step i separately. This, of 
course, is rather impractical and so I will mainly concentrate 
on the optimal regularization of the first (i = 1, the linear) 
step of the inversion which is legitimate in view of the 
previously proved quasi-linearity of the SSH models. 

Because the optimal solution xOp, is uniquely retrieved 
from the optimal regularization parameter kopt in the LM 
eqs (7), it suffices to determine the latters for each of the 
ORTs. Table 5 summarizes the results of the OR for the 

Table 5. Results for the optimal regularization parameters kopt for 
the various models, using the ORTs of Tables 2 and 3. Row (graph) 
refers to kopt taken from a trade-off curve whereas row @riori) 
denotes kopt retrieved by using a priori model information specified 
by either dx, M, or rX, respectively (third column). 
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406 M. Koch 

four models studied. As listed in Tables 2 and 3 (see Koch 
1992, for details), some ORTs require the graphical 
inspection of various trade-off curves, while others rely 
directly on some a priori information on the model space 
itself. Following the layout of Table 5, I discuss each ORT 
separately. 

3.5.1 The Tikhonov regularization (TR) 

The TR relies on the trade-off between the residual norm 
)lr)12, or equivalently, the variance improvement RZ and the 
solution norm lJx,/12. These curves are shown for the models 
M1, Mla, M5 and M6, in Figs 7 and 12, respectively. The 
instabilities in under-regularized solutions (small k )  are well 
demonstrated by both large norms of the velocity and 
hypocentral perturbations 11 Aus 1)’ and /)AHs )I2, respectively. 
As discussed earlier, the natural choice for xOpt and of k,,, is 
where the horizontal trade-off curves are beginning to bend 
upwards, and the data fit R2 starts to decrease significantly. 
The values found in this way are listed in the row graph of 
Table 5. 

Fig. 7 clearly reveals the large instabilities in IIAHS)l2 for 
model Mla  (using direct phases, only), which are an order 
of magnitude higher than for model M1 (using all crustal 
phases). The large solution instabilities are also manifested 
for the pair of 3-D models M5 and M6 (Fig. 12). Because of 
the error-free data in model M5, the data fit is nearly 100 
per cent for small k. Compared with the noisy model M6, 
the O R  for model M5 can be achieved for much smaller k 
which is also to  be expected theoretically from eq. (24), 
defining k,, in both the ridge regression and the stochastic 
inverse (see next sections). 

The other variant of TR is the subjective quasi-solution 
technique, where an a priori upper bound d, is imposed on 
the model norm IJx,I) (see Table 3). I choose an absolute 
upper bound of d, = 0.4 kms-’ on the velocity norm IIAuslI. 
This corresponds to a 90 per cent confidence interval for the 
randomly generated perturbations (a” = 0.2 km s-’ - 5 per 
cent). To study the effects of the bound d,, the 
computations are repeated with d, = 10 per cent. The range 
of kept so inferred is listed in row priori of Table 5 and 

Velocity Norm 
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(4 
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appears to be consistent with the one obtained above (row 
graph). As surmized, there is a dependency of kopt (priori) 
on d,. The smaller d,, the higher kept which reflects the need 
for increased damping to reduce (Ix, I( below d,. 

The same technique could, in principal, also be applied to 
the 1-D models M1 and Mla  (Fig. 7). However, for a I-D 
layered media the definition of a bound d, for the velocity 
becomes somewhat arbitrary. If one defines d, as the 
measuring distance between the initial and the true model 
(see Fig. 4), the same approximative upper bound of 
0.4kms-’ (-5 per cent) as above, appears to be 
appropriate. The effective ranges of 0.001 < k,,, < 0.01, 
given in Table 5, are smaller than the k,,,(gruph), and still 
deliver unstable solutions for which neither s(x,) (Fig. 6) nor 
(1 AH, 11’ (Fig. 7) have sufficiently stabilized. For physical 
reasons the latter are not bound u priori. Whereas this does 
not pose a problem for large-scale 3-D models above, it 
appears to cause excessive instabilities for the small-scale 
1-D models. 

3.5.2 Ridge regression (RR) 

As discussed in the theory section, I will use only the version 
of RR that uses the graphical concept of the ‘ridge traces’. 
These are plotted in Fig. 13. One observes for most of the 
four models a well pronounced drop of the norm of solution 
lix, 11’ and thus a significant stabilization when increasing the 
damping constant k up to 0.1 The somehow ‘subjective’ 
range for k,, where I consider both velocity and 
hypocentral perturbations as being significantly stabilized, is 
given in the Table 5 (row graph). Note that these values 
compare favourably with the ones from the TR. As before, 
more damping is required for the ‘noisy’ model M6 than for 
the ‘noise-free’ model M5. 

3.5.3 Backus subjective 

The OR in the method of Backus subjectiue amounts to 
minimizing the upper bound on the total error Ile, 11’ = MSE 

Velocity Norm 
250 500 750 1000 1250 1500 

South, M6 

100 
0 25 50 75 100 125 150 

Hypocentral Norm 

Figure 12. Similar to Fig. 7, but for the 3-D models M5 (a) and M6 (b). 
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Figure 13. Ridge traces (norm of SSH solution as a function of the damping parameter k). (a) 1-D models M1 and Mla; (b) 3-D models M5 
and M6. 

(eq. 25), by imposing an a priori bound M on the unknown 
model x in the bias’ term (19). This will be done in the 
following for the most interesting 3-D model M6. Because 
the bias2-term and, consequently, the MSE are dependent 
upon M ,  optimal solutions will be evaluated for two bounds 
on the velocity variations, M = 5 per cent and M = 10 per 
cent, respectively. These bounds are similar to those used in 
the subjective TR and their appropriateness has been 
discussed in that section. 

Fig. 14 shows the variations of the average trace (cov), the 
bounded bias bias’ = IIMIJ’ 11(1- R)I1’-which are readily 
evaluated from the covariance (12) and the resolution 
matrix R ( l l ) ,  respectively-and their sum, the MSE (25) as 
a function of k. To better visualize these error quantities as 
a function of depth, the averages have been taken over two 
adjacent layers; i.e. three groups are shown for the six-layer 
model. Fig. 14 illustrates clearly, (a) the trade-off between 
covariance and statistical bias; the first one being a 
decreasing and the second one an increasing function of k, 
as predicted by theory (Hoerl & Kennard 1970); (b) a rapid 
increase of the bias, once k is increased beyond. a certain 
threshold value, and; (c) the existence of a more-or-less 
pronounced minimum for the MSE for a particular kop, 
which defines the x,,, for this ORT. 

A comparison of the left and right panels of Fig. 14 
demonstrates the large sensitivity of both the bias2-term and 
the MSE to the a priori bound M, once k is raised above kopt 
for the minimum. In fact, for large k, the MSE is primarily 
determined by the bias’-term which increases quadratically 
with M (eq. 25). This means that the MSE can get large if 
the model is severely over-regularized. Consequently, in 
view of the shape of the MSE-curves it appears to be 
preferable to under- than to over-estimate k,,,; i.e. to select 
an xOpt which tends to have more covariance than bias. This 
supports similar conclusions of Koch (1991) for teleseismic 
inversion and demonstrates that overdamping the solution 
to remove oscillations is, indeed, inadmissible and results in 
a (mostly hidden) strong bias; i.e. a large resolution error. 

The different panels show that kopt is less dependent on 
the depth-range than on the a priori upper bound M. Thus, 
for M = 10 per cent smaller k,,, are encountered than for 
M = 5 per cent (Table 5). Such a behaviour is, at least 
qualitatively, predictable from the theoretical formula (24) 
for kopt, defining the minimum of the MSE for RR, SI, and 

the Bayes (MAP) estimator, if one associates the bound M 
with the a priori variances of the model (Table 3). 
Nevertheless, Table 5 shows that the kopt intervals are 
surprisingly narrow and xOpr is thus well defined. 

A similar analysis has been conducted for the error-free 
model M5. In such a case, theoretically, trace (cov) = 0, and 
the MSE (25) is made of the bias*-term only. Consequently, 
kopt should, in principal, also be zero. However, due to 
numerical rounding errors, finite values for the covariances 
were found, so that the MSE is shifted to very small k,,, > 0, 
instead. As the previous ORTs demonstrate, such small kopt 
still provide unstable models. Consequently, Backus 
subjective is unsuitable for such an idealistic model. The 
same is true for the two 1-D models M1 and Mla. Similar to 
the subjective variant of TR, there is no seismological basis 
to impose an upper bound M on the layer velocities and a 
meaningful MSE can thus not be computed. 

3.5.4 Optimal filtering (stochastic inverse) 

As listed in Table 3, kop, of SI is given by kept = u;/u: (eq. 
24). This expression will be used in the LM-equations (8) to 
find x,,,. For the four test models M1, Mla, M5 and M6, the 
standard errors in the data are uy = 0.2, 0.2, 0, and 0.1 s, 
respectively. For reasons discussed earlier, specifymg the 
appropriate a priori variances makes sense only for the two 
3-D models. Since theoretically, k,,, = 0 for the error-free 
model M5, the following analysis will pertain only to model 
M6. Similar to some of the previous ORTs, u: is imposed on 
the velocity components only. Model M6 has been 
generated randomly with u” = 0.2 km s-’ (-3 per cent) and 
using this value in eq. (24) results in the range of 0.04-0.06 
for kopt (depending on the scaling used in eq. 8). This is less 
than what has been acquired with the previous ORTs and, in 
particular, that of Backus subjective. For comparison, 
assuming a twice as large a priori mx of 6 per cent for the 
model results in kopt that are smaller by a factor of -4 
(Table 5). 

These results demonstrate that, compared with the 
previous ORTs (Table 5), SI apparently provides under- 
regularized optimal models. Although, from the earlier 
discussion of the MSE-curves (Fig. 14), one is inclined to 
prefer slightly under- than over-regularized solutions, the 
above values of kopt are too small to stabilize the model 
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Figure 14. Average covariance, bounded bias' and the MSE as a function of the regularization parameter k for model M6 for three depth 
regions (0-8 km) (top); (8-20 km) (middle); (20-35 km) (bottom); and two upper bounds M = 5 per cent (left panels) and 10 per cent (right 
panels), respectively. 

sufficiently. Surprisingly, this is in contrast to result of 
teleseismic inversion of Koch (1992), where over-regularized 
models were obtained. I believe that this discrepancy is due 
more to differences in the structure of the models of the two 
studies than to the two different methodologies (teleseismic 
versus SSH inversion). Whereas in Koch (1992) the 
lithospheric models were highly structured, so that the 
model variances were under-estimated, the models here 

have a pure random-media structure and are therefore 
better characterized by a statistical ensemble. The 
inadequacy of the theoretical eq. (24) is also to be ascribed 
to the fact that it removes exclusively those instabilities of 
the ill-posed inverse problem that stem from the data errors 
(= r;) and the a priori model uncertainties (= u:). 
However, all numerical and computational instabilities, are 
not regularized by this formula for /cop,. One possible 
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remedy proposed by Williamson (1990) in reflection 
tomography is to add a second damping term ad ((x (1’ to the 
Langrangian function (22) or, more generally, a second 
covariance term (x - x,JTC;,’(x - xpr) to the MAP-function 
(30) of the Bayes estimator. However, since for all practical 
purposes this amounts to just increasing the original kopt by 
a certain, unknown(!) value, not much has been gained and 
O R  is still necessary. 

3 5 5  Backus and Gilbert and the trade-off between 
C O V ~ ~ ~ M C ~  and resolution 

OR within the BG formalism is done by graphically 
inspecting trade-off curves between cov and resolution R (or 
the spread) of the model. [I omit the tedious computation of 
the spread S, (13) (as has been done in Koch 1992), since it 
does not provide additional information on the optimality 
that is not gained from R alone.] Fig. 15 shows c0v-R’ 
trade-off curves (averaged over two adjacent layers each, 
similar to Fig. 14) for the 3-D model M6. (For the 
‘noise-free’ model M5 the computed covariances are too 
small and numerically contaminated to give a valuable 
trade-off curve.) Similar trade-off curves are presented for 
the 1-D models M1 and Mla  in Fig. 8. The form of these 
trade-off curves makes the selection of a k,,, a difficult, if 
not an impossible task. Contrary to similar curves obtained 
by Koch (1992) for teleseismic inversion, particular 
knee-points on the curves are hard to delineate for the 
present SSH problem. k,, will thus depend on how much 
covariance the modeller is willing to accept for an improved 
resolution. For model M5 a conservative choice for kopt is 
0.05 < kopt < 0.2 where some horizontal flattening of the 
trade-off curves is apparent. For the 1-D models M1 and 
Mla (Fig. 8) there is no distinguished range for k,,, at all. 

These results demonstrate that the trade-off between 
covariance and resolution in the BG method does not 
provide a reliable criterium for the selection of k,,,. The 
inexperienced modeller would frequently be inclined to 
choose a higher k,,, (over-regularizing) to reduce the norm 
of the solution and its covariance while accepting a widening 
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Figure 15. Trade-off curves between the average covariance and the 
average of the square of the diagonal elements of the resolution 
matrix for three different layer groups of the model M6. 

of the resolution kernel or an increased resolution error. 
Since the latter is equivalent to the statistical bias bias‘ of 
the model (eq. 18), it can be measured in terms of this 
quantity and vice versa. In fact, this has been done earlier 
exactly within the Backus (subjective) ORT, using Fig. 14. 
This figure can therefore be used to measure the effective 
resolution error of a ‘blurred’ model of the BG method. The 
main conclusion from Fig. 14 is that an over-regularized BG 
solution may not be optimal in the sense that its true error 
MSE (25) is minimal. Fig. 14 illustrates that increasing k 
beyond k,, for the minimal MSE introducesdepending 
somewhat on the a priori upper bound M in the bias-term of 
eq. (25)-excessive bias; i.e. a large resolution error. 
Consequently, a safer choice for k,,, in the BG method is to 
locate it left of minimum fo the MSE in Fig. 14; i.e. more on 
the vertical than on the horizontal branch of the cov/R‘ 
trade-off curve in Fig. 15. Using this recipe, a value close to 
the lower end of the 0.05<k0,,<0.2 range in Table 5 
appears to be preferable. 

Regardless of the deficiencies of the BG method to define 
optimality conditions, the trade-off curves in Figs 8 and 15 
give information on the overall statistical quality of the 
models. Fig. 8 shows that for a given resolution the standard 
deviations of model Mla are about 20 per cent larger than 
those of model M1. This confirms statistically the benefits of 
using all crustal phases (model M1) instead of only the 
direct ones (model Mla). For the 3-D model M6 Fig. 15 
approximates the resolving power and the overall statistical 
reliability to be expected in the SSH for the southern Rhine 
Graben (part 111). One notes, for example, that the average 
covariances decrease for deeper blocks of the model. This is 
because the lower crust is less covered by seismic rays. 

4 DISCUSSION AND CONCLUSIONS 

4.1 Selection of the best linear k,, by combining the 
ditterent viewpoints 

The ranges of kopt obtained by means of the various ORTs 
(Table 5) presents me with the problem of selecting the 
most appropriate k,,, for each of the models. Although it 
appears to be natural to choose kopt from the overlapping 
ranges of the various kept, the selection critera can be refined 
further by attempting to rank the different ORTs, based on 
their theoretical foundations and my experience with their 
practical implementation. The ‘best’ optimal solution should 
epitomize somehow the different viewpoints (Menke 
1984)-either from the data (the objective viewpoint) for 
from the model space (the subjective viewpoint)-embodied 
in the various ORTs. 

As stated and as has been corroborated by the simulations 
here and by Koch (1992), I consider the method of Backus 
subjective as the the reference method for all other ORTs; 
despite the fact that this technique requires a priori model 
information. Backus subjective is the only technique which 
allows to explicitly compute the true model error MSE and 
it has been found that the location of the minimal MSE is 
not too sensitive to the a priori bound M on the model (see 
Fig. 14). As second I rank the Tikhonov regularization (TR) 
which has been applied as; (a) the objective version (no a 
priori information used), wherein the data are satisfied by 
the most stable model and; (b) the new subjective version, 
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wherein the model is regularized to satisfy an a priori 
selected upper bound. Contrary to all other ORTs, the 
objective variant (a) worked consistently well for all four 
models. 

Although the ridge-trace version of ridge-regression (RR) 
has also given satisfactory results for all models, I consider 
its reliability somewhat inferior. There appears to be too 
much freedom of choice to bound that kopt interval where 
the solution starts to stabilize. The ranges for k,,, are 
consequently wider. The same holds for the stochastic 
inverse (SI) which, unlike the other techniques, generates 
principally only one particular optimal point kopt = a$/af on 
the trade-off curve. Because of the uncertainties in 
specifymg the data- and model variances, there is the 
imminent danger of mislocating the optimal point. For the 
SSH models the kopt of SI results in under-regularized 
optimal solutions when compared with those of the other 
ORTs. Therefore, in spite of its historical importance, I 
regard SI as the most restricted ORT. Unlike the previous 
three ORTs, SI does not directly allow to explore 
exhaustively the data and model spaces. The situation has 
also been relatively unsatisfactory for the Backus & Gilbert 
(BG) method. Although it is the only ORT not to require 
any a priori information on the model, for most of the 
models a distinct kopt can not be retrieved. This is due to the 
rather free choice to trade-in covariance against resolution 
on the trade-off curves which appear to lack a distinguished 
knee-point. 

4.2 Linear versus non-linear optimal regularization 

I will now try to solve the paradigm of Section 2.4.1; namely, 
whether kopI(lin) obtained in Table 5 by the linear ORTs, is 
consistent with kopt(non lin) which minimizes s ( x I )  for the 
non-linear objective function F (eq. 2). If so, it would mean 
that the correction vector A.xopI(lin) in the linearized LM eqs 
(7), is not only optimal for the linear subproblem but also 
for the full non-linear problem. 

The values for kop,(non-lin) are listed in Table 4. For all 
four models they are centred well within the range of 
kopI(lin) (Table 5), obtained through the two ‘best’ ORTs, 
Backus subjective and the TR objective. With these results, 
the two open ends of the circle are closed and the non-linear 
and the linear inversion approaches are combined. Choosing 
either kop,(non-lin) or kopI(lin) as the ‘ultimate’ kopt will 
provide an optimal model which ensures that: (a) all the 
optimality criteria of the linear ORTs, including possible 
(subjective) a priori model information are satisfied and; (b) 
the non-linear cost function for the (objective) traveltime 
data is minimized. 

4 3  Final remarks 

The question is whether these results can be generalized, or 
whether they are just a coincidence, due to the choice of the 
test models, the data, and the specific SSH inversion 
approach taken. Some of the test models reflect realistic 
‘worst-case scenarios, whereas the data used are fully 
representative of the seismic configuration (station and 
event location) of the Rhine Graben region. Thus, there is 
some evidence that the observed good agreement between 
the optimality conditons for the linearized version and the 

full non-linear problem, respectively, may be a general 
indicator for the quasi-linearity of the SSH problem, thus 
further supporting the F-test used earlier. One particular 
feature of the present SSH has been the use of all crustal 
phases which causes the hypocentres to be initially well 
constrained. This will make the SSH problem less ill-posed 
and also obliterates some of the original non-linearity of the 
problem by moving the initial solution closer to the 
minimum of the non-linear cost function. Although the SSH 
application to the Rhine Graben data (parts I1 and 111) 
supports this conjecture, such a ‘benevolent’ situation may 
not occur in other SSH regional studies (Sambridge 1990; 
Koch & Kalata 1992) and the more general, non-linear 
inversion approach may be required. 

Another possible explanation stems from the theoretical 
foundations of the Newton-like optimization method used in 
the present SSH. Because of the formal equivalency of the 
damped LSQ equations of a linear inverse problem with the 
linearized LM eqs (7) and (8), the damping constant k plays 
an important dual role. Viewed from within the framework 
of linear inverse, theory, k = k(1in) regularizes (constrains 
the solution, as is directly emboided in the TR, see Table 3), 
whereas viewed from the full non-linear standpoint, 
k = I(non-lin) ensures a better approximation of the Hessian 
of the non-linear cost function, than would be obtained with 
the classical, undamped GN method (k =0) (6). It is 
therefore not too surprising that any small amount of 
regularization (k > 0) would result in models that are more 
‘optimal’ for both points of view. Although this does not 
totally explain the astonishing agreement between kopI(lin) 
and k,,,(non-lin) for the optimal SSH models, it 
demonstrates that the use of a linear ORTs in a 
second-order Newton method is an attractive approach for 
the optimal solution of mildly non-linear inverse problems. 
Note that these considerations may not hold anymore when 
an increasingly popular, first-order gradient method 
(steepest descent, for example, see Section 2) is employed 
(Sambridge 1990; Williamson 1990). Because no Hessian is 
incorporated in this technique, the linear-non-linear dual 
role of k is lost and optimality may only be defined through 
appropriately chosen a priori model covariances (Tarantola 
1987). 
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